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Lattice Eisenstein series

Lattice real analytic Eisenstein series

For z,s € C, with Re(s) > 1, we define the lattice real analytic Eisenstein

series as <

G(z=x+yi,s):= Z y725
(mmeznriooy M2+ 1l

This function satisfies the functional equation

7191 — 5)

6(z:5) = — =1

G(z,1—5)

Completed Lattice Eisenstein series

For z,s € C, with s # 1, we define the Completed Lattice Eisenstein series
as

G(z,s) :=n1"°T(s)G(z,5)
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Fourier expansion of G(z,s)

The function G is 1-periodic and, therefore, it admits a Fourier expansion

G(z=x+yi,s)=ao(y,s Z Z 7(s,s; &, 61y e 2mig1€ax
£1€Z\{0} £&,€Z\{0}

(i)
20(y.s) = 2(25)y* + ¢(5)26(25 — 1)y**

. m22Er(2s—1) <121 (s— 1)

e T Ol

(ii) For z € C with Re(z) > 0, we define the Tricomi’s confluent
hypergeometric function as

A

It can be proved that
7(s, 562, 61y) = (2m) | e 2MRYIN(5) MU (s, 25; |4nEaay )
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Defining the terms

_s(2m)*
a”(yas) =Yy F(s)

Z d?71 | eIy y(s, 2s; 4x|n|y)
0#d|n

and regrouping the terms of the double sum in the G function, such that
£1& = n, we have

G(z,s) = ao(y,s) + Z an(y, s)e?™inx
neZ\{0}

For z € C we have, where K, (z) is the Bessel function of the second kind
(K-Bessel function)

(22)°°
N R

U(s,2s;2z) =

We redefine the expression of a,(y,s)
_1
_ A4nl*> 1/2¢ ) _ dr
anly,s) = —rrmoras(nl)y?K, s (2mlnly),  ou(ln)) =
T (S) ? 0<d|n
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Colmez's Trick

A direct calculation shows that

G(yz,s) = G(z,s), € SLx(Z)

From this last statement, and from defining R(z,s) = G(z,s) — ao(y, s),
we have

Ggﬁy-cﬁéﬁ)_0¢$

%mg—%<%iﬂﬁ>:—m4g+Rﬁéﬁ>:HLg
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Colmez's Trick

Considering two elements z;,zp € C we have
2M< ¢(2s) > _ <F(21,5)>
p(s)¢(2s — 1) F(z,s)

M= ((yf —Im(~1/z)7) (7 - /m(—l/z1>1-5)>

With,

(5 = Im(=1/22)°) (v3~° — Im(=1/22)""*)
Taking

zn=Val-1+i, zp=vVa2-1+i

It can be deduced that

1(1+a'%)F(z1,5) — F(z2,5)
C(2S) = 5 2s s 1-s
a® —a +a —a
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Stark Conjecture

Giving an extension K = Q(v/d)/Q, there exists an algebraic number a
such that

1/2
Z'(0) = _jldd N(’)KZ(O,l,p,2s):—%Iog|a|
with
c 2) 27r1TR(7)
_ o ) signe(u'<))e
Z,(0,1, p, 2s) signe(f'<)) Z Ny

O (Foo)\{0#u€0K}
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Eisenstein series

Eisenstein Series

Giving two lattices n, m; a vector p € Z? and U € My(K) we define the
following real analytic Eisenstein series

G(z,s)0 = G(m m(U,piz,s) =

1s

y

Z wp((m + v1)z + (n + vp)) 2 Tr{tnlmtvi)tu(ntv2))
IN((m + v1)z + (n+ v2)) >

Since it is 1-periodic, we can consider its Fourier expansion

Go(z = x+yi,s) = aoly,s)+ »_ ad(y,s)e’™ T(*)
0£eD
with
ao(y,s) =
e10m(v1)Z(va, Uz, w5, 25)N(y ) +Qp(5)0n (u2)€2Z (v1, Uz, wp, 25—1)N(y )~
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Comez's Trick over a quadratic field

0 -1

Since for S = <1 0

> € SLy(K), we have

Go(Sz.5) = w_p(2)Go- (2.5)

Then we can define a similar equation as the one find it on the last scenario

(403 ()
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