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Abstract

In this work we introduce a general class of Dirichlet series associated to lattices
of number fields which we call lattice zeta functions. Lattice zeta functions are closely
related to many of the classical Dirichlet series considered in algebraic number theory
but no systematic treatment of them exists in the literature. This work aims at
providing the first comprehensive reference for such Dirichlet series.
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1 Introduction

Let K be a number field of degree g over Q. By a lattice n of K we mean an additive
subgroup n C K which is a free Z-module of rank g. In [2], the author studied a certain
class of zeta functions that were associated to lattices of K. Let us call this class of zeta
functions signature lattice zeta functions which we shall abbreviate by SLZ in the sequel,
see Appendix [A|where their definition and basic properties are recalled. Recently in [5], for
K totally real, we have found a way of proving a non-trivial conditional convergence result
for the Dirichlet series Z(s) of SLZ which have a non-trivial additive oscillation on II; (see
Definition below). In a nutshell the result in [5] says that for such zeta functions, the
sequence of “geometrical partial sums of Z(s)” converges when Re(s) > 1 — é. Moreover,
in a different direction, we also expect the special value at s = 1 of SLZ (for K totally
real) to be closely related to the spectrum of a suitable Dirac operator and we hope to
publish some work in that direction in the future. These two observations put together
motivated us to revisit the topic initiated in [2] and developed further in [4] to the setting
of GLs-real analytic Eisenstein series (also under the assumption that K was totally real
which simplified the presentation since the notation in [4] was already involved). For more
than a decade, we have been aware that the objects considered in [2] and [4] are only special
cases of a larger theory where one is allowed to replace the signature character considered in
[2] by the infinite part of an arbitrary Groéfiencharaktere of K. The main goal of this paper
is to give a detailed presentation of this larger class of zeta functions which we call “lattice
zeta functions” and that we shall abbreviate £Z in the following. In particular, the class
of LZ provides an appropriate framework in which SLZ becomes a subclass. The zeta
functions in £LZ are kind of implicit in the fundamental work of Hecke on the meromorphic
continuation of L-functions associated to GroBencharaktere (see [17],[15] and [16]) but they
are a bit buried by the many technical issues involved in the convoluted proof and therefore
cannot be so easily extracted.

So on the one hand, the present paper can be viewed as an appendix to Hecke’s work
on Groflencharaktere, but it is more than that since it provides a foundational reference on
which some of our future work will rest. While introducing the larger class of £LZ we shall
also take the opportunity to introduce some well-adapted formalism to handle efficiently
the infinite part of GroBencharaktere. Also, it would have been possible to write this paper
by restricting ourself to the maximal order Ok and thus work only with lattices which are
Ok-modules (so fractional Og-ideals) but doing so would obscure for example the various
“distribution relations” which exist between £Z (such relations play for example a key role
in the theory of modular units associated to an imaginary quadratic field, see for example
[9]). Since we want to be able to associate LZ to arbitrary lattices of K, at a few places
we shall use some basic results on lattices and orders in number fields which can be found
for example in [6].

One stark contrast between £Z and the more classical L-functions associated to (abelian)
Galois representations of number fields is that £Z do not admit an Euler product in gen-
eral. For that reason, the use of the adelic language does not seem to confer much advantage
over the more classical language of Hecke and in fact might even contribute to obscure some



of the ideas. In fact, the author finds it easier to think of £LZ in Hecke’s classical language
and for that reason this paper has been completely written in classic style. Also, in the
spirit of the introduction given in [7], it is likely that the concept £LZ can be further gen-
eralized to the setting of non-abelian Galois representations. It can be shown that a zeta
function Z(s) in £LZ can be written as suitable finite linear combinations of L-functions
of various Groflencharaktere (of a fixed infinity type) and thus corresponds in that sense
to abelian Galois representations (the GL; case so to speak). Since L-functions can also
be associated to non-abelian Galois representations it is natural to ask for similar “lattice
automorphic objects” which could be written as a suitable linear combination of L-functions
of non-abelian Galois representations. In [4], we made a detailed study of what we now call
“signature GLg-lattice real analytic Eisenstein series” (SLES). Such Eisenstein series solve
an interpolation problem in the sense that it corresponds to a class of GLo-Eisenstein series
for which their 0-(parabolic)-Fourier coefficients is a simple 2-term linear combinations of
SLZ. The author has also worked out a few years ago the more general theory of “GLs-
lattice real analytic Eisenstein series for a general number field K where the general term
of the Eisenstein series is allowed to be twisted by the infinite part of an arbitrary “complex
GroBencharaktere” but we did not publish such results yet. It follows essentially the same
approach as in [4] except that in the case where K admits at least one complex embedding
one is forced to work with vector valued Eisenstein series (in order to get modularity) since
the irreducible unitary representations of SU(2) (the standard maximal compact subgroup
of SLy(C)) are no longer one dimensional as it was the case for SO(2) (the standard max-
imal compact subgroup of SLy(R)). So far our approach has been phenomenological by
working out explicit examples, but in [7] some attempts to formalize are made in order to
put under a common framework both the SLZ and SLES. To the author’s mind, his own
understanding on this topic is judged to be naive and full of mysteries.

Let K be a number field of degree g = r; + 219 over Q. Here r; is the number of real
embeddings and 2ry the number of complex embeddings, and we say in that case that K
has signature (ry,r2). Recall that by a lattice n of K we mean a subset of K which is a free
Z-module of rank g. The most economical and precise way of defining what a lattice zeta
function of K is, is simply as the Dirichlet series that one gets when one takes

(1.1)  “a weighted Mellin transform of a single number field (spherical) theta function”

By a number field theta function we mean an average sum over the full lattice n of a
single shifted decorated Gaussian function multiplied by a diagonal spherical polynomial.
The Gaussian function here can be viewed as a function on space which can be identified
with §1%72 (see Section [5.2] for the precise definition of the theta functions involved) where
h={z+iy € C:y > 0} is the Poincaré upper half-plane. By a weighted Mellin transform
we mean a regular Mellin transform where the multi-dimensional s-parameter is shifted by
the weight vector of the infinite part of the Groflencharaktere considered.

In order to give a precise formula for the underlying generalized Dirichlet series describe
by £LZ and to state our main theorem we need to introduce some more notation. We let
Ky := K®gR. It is an R-algebra (non-canonically) isomorphic to the product ring R™ x C"
and it is endowed with the usual maps Tr : Kg — C (the trace: sum of the coordinates)
and the N : Kg — C (the norm: product of the coordinates). If n C K is a lattice then n*
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denotes the dual lattice under the trace pairing Try/q : K x K — Q (see Section . We
let

(1.2) On={AeK:AnCn}

be the ring of multipliers of n (or the endomorphism ring of n). It is an order of K.

For a non-trivial real number a € R we let
I, := {s € C: Re(s) > a}

be the open right half-plane cut out by a. In particular, —II, = {s € C : Re(s) < —a}
corresponds to the left open half plane cut out by —a.

A LZ of K will depend on some fixed choice of data namely on a triple
(1.3) T=(n,(a,0);(x,V))
where n C K is a lattice, a,b € K and where
(1.4) x: Ky —S!

is a continuous character which factors through a subgroup V such that

(a) V < Vyap has finite index,
and
(b) VNug ={1}.
Here g is the group of roots of unity in K and
(1.5) Viap :={€ € Oy : (e—1Naen,(e—1)ben”, (ec—1)abe (0,)}.

We think of n, (a,b) and (x, V) as the three elements which form the triple . We think of
the choices of n and (a,b) as being free while the choice of (x,V) as depending on n and
(a,b). We say that (x,V) is an admissible character relative to the pair (n, (a,b)) if the
above conditions are satisfied. Usually, we shall think of y as the induced character on the
quotient K3 /V, i.e. as the map x : Ky /V — S, and therefore denote the triple simply as
T = (n,(a,b); x) while keeping in mind that implicitly the choice of x determines such a
choice of V.

We call a triple ¥ = (n, (a,b); x) as above an admissible triple. To such an admissible
triple one can then associate the lattice zeta function (£Z2)

(1.6)
Ze(s) = Zafa.bs (V)i 9) = Zulasbixi ) = (N)* 3 (a4 m) - o
<(s) = Zu(a,b; (x,V);s) = Zu(a,b;x;s) := (Nn)® x(a+n)- .
’ ot | Nk/gla+n)l®
a+n#0



Here N n is the rational index of the lattice n relative to O which coincides with the usual
index when n C Ok (see Definition [2.8)). The indexing set R = {n; € n};cs is a complete
set of representatives of {a + n}/V in the sense that every element 0 # a +n € a +n
can be written uniquely as e(a + n;) for some n; € R and € € V. It can be shown that
Zz(s) does not not depend on such a choice of R (see Proposition It is a classical fact
that such a series converges absolutely on II; (see Proposition where we included two
distinct proofs for the convenience of the reader). The possibility for this series of having
a conditional convergence for a suitable “geometrical summation order”, within the strip
1 — e < Re(s) <1, for € small enough, is very interesting problem and recently the author
has obtained new results in that direction for SLZ associated to totally real fields, see [5].

Remark 1.1. So by definition the index of the sum which defines a lattice zeta function
(LZ) is not a (punctured) lattice but rather a (punctured) lattice modulo a finite index
subgroup of O%. This should be compared with the definition of a t-decorated Epstein zeta
function which is given in Section for which in that case the index of the sum is really
a (punctured) lattice.

Remark 1.2. Note that the function [s — Zz(s)] could be identically equal to equal to
zero. For example this is always the case when there exists a unit € € V.4, such that

x(€) # 1 ( cf. with Question[7.3]in Section [7.1)).

Definition 1.3. We say that Zz(s) has a non-trivial additive oscillation on II; if b ¢ n*
where n* is the dual lattice of n (see Definition .

The expression “finite additive” here refers to the following: on II;, the Dirichlet series
in computes the value of Zz(s) and the general term of its sum involves the map
n + 271" which is a non-trivial finite order character of the additive group (n,+).

To each continuous character ¢ : K — S' one can associate a unique quadruple (the
weight vector of 1)

(1.7) Qy = (M, My, Vs Oy

where my, € (Z/2Z)"™", ny € 2%, v € R™ and 0, € R™. In particular, this applies to the
character x : K5 /V — S'. Let Q, = (m,n,~,d) be the weight vector of x. To this data
one defines the following product

s 1 . il S mal — 17
(1.8) F(s) = ldicl - (x50 +[m]17),HF<§+[ 3]2 %)),

e s )

where s € C, i = y/—1 (while ¢ will usually be reserved for an index),

(i) 1,, = 1gn :==(1,...,1) is 1 repeated ry times, 1,, := 1lgrs = (1,...,1) is 1 repeated
ro times;



(ii) [m] = ([m4], ..., [m,]), where [0] = 0, [1] = 1 where 0 and 1 are viewed as elements
in 7Z;

(iii) |n| = (|nal, ..., |nm|) € Zso is the absolute value vector of n;

(iv) Tr corresponds to the natural trace functions Tr : R™ — R and Tr : R™ — R where
one takes the sum over all coordinates.

We call F,(s) the Euler factor at infinity of the character x. Note that F,(s) does not
depend on the data (n,(a,b)). We have preferred here to use the letter F (for “Factor”)
instead of the more classic notation L., since, as was pointed out in the first paragraph,
LZ do not admit an Euler product in general as it is the case for L-functions associated
to Galois representations.

We let

~

(1.9) Zao(a,b,x;s) :=Fy(s) - Zu(a,b; x; 9)

be the completed lattice zeta function associated to Z,(a,b;x;s). We are now ready
to state our first main theorem.

Theorem 1.4. Firstly, the function [s — 2,1(@, b, x; s)| admits a holomorphic continuation
to C\ {uo, pn } where

(1.10)

2T, 1) e o Tr (([m],lnl)—i(%%))’

g g

po := —Xo, H1:=—Ao+ 1+

~

and has at worst a pole of order one at g and py. Secondly, Z,(a,b,x;s) satisfies the
following functional equation:

(1.11) (i) L) L o =2miTriesalab) L 7 (g b ;) = Zoe(—b,a, X, 1 — s).

Recall here n* is the dual lattice of n (see Definition , and X s the complex conjugate
character of x which is viewed as a character on the quotient K3 /V — S'; this makes
sense since Vaap = Varimba (S€€ (1) of Proposition . Note that if (m,n,v,0) is the
quadruple associated to x then (M, —n,—v, —0) is the quadruple associated to . Thirdly,
the function s +— Zl(a, b, x;s) admits

(a) a pole of order one at s = uy, if and only if, —b € n* and (m,n) = (0,,,0,,).

(b) a pole of order one at s = pg, if and only if, a € n and (M, n) = (0,,,0,,).
As direct consequences of the above we may extract the following more precise statements:

(i) If =b ¢ n* and a ¢ n then [s — Zy(a,b, x;s)] is holomorphic on all of C.

(ii) If (m,n) # 0 then [s — Zy(a,b, x;s)] is holomorphic on all of C.
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(iii) If [s — Za(a,b,x: s)] has a pole at sq then necessarily (m,n) = (0,,,0,,) and
S0 € {,uo = ;Tr(%%), 1—po=1- ;Tr(% 25)} .

The second main theorem of our paper is Theorem which can be viewed as com-
plementing Theorem 1.4 It provides some lower bound for the order of vanshing of
[s — Zy(a,b, x; s)] at non-positive integers and also an exact formula which relates a certain
higher order derivative of a lattice zeta function, at a non-positive integer ¢ € Z<y, to the
special value at 1 — ¢ of the dual lattice zeta function (see ([7.17))).

As a surprising consequence of the functional equation (1.11]) see the second part of
Corollary [7.6]

Remark 1.5. In Sectionit will be shown that any continuous character x : K3 /V — S*
can be written uniquely as x = xo - (N)!® where

(1) to € R,

(2) and if Q,, = (M, n,7,0),, is the O-weight vector of xo (see Definition then
Tr(v,26) = 0.

Since y = xo - (N)* it follows that
(112) Zn(aa baX? S) = Zn(aﬂ b7 XO;S_itO)'

So for a general character x : Ky — S', if @, = (m,n,~,d), is its Q-weight vector, there
is not much loss of generality in assuming that Tr(y,20) = 0 and when this is the case it
follows from (iii) of Theorem that the possible poles of [s — Zy(a,b, xo: s)] can only
be located in the “usual standard set” {0,1}. So the a priori strange looking set {q, f1}
essentially reduces to the set {0, 1}.

Remark 1.6. In the notation of [2], let K be a number field of degree n = 1 + 2ry where
r1 is the number of real embeddings. Let p € {0,1}" be a choice of a real signature and
let x := w, : Ky — {£1} be the sign character of signature p. In particular, using the
above notation this means that v = 0,,,7 = 0,,,6 = 0,,. Then, Theorem above, when
specialized to that case, agrees with Theorem 1.1 of [2] except for the factor (—i)™® which
appears in equation (1.3) of loc. cit. which should be read instead as (i)™® because of a
sign mistake which occurred in equation (4.12) of loc. cit. while retranscribing equation
(4.11).

Remark 1.7. In [3], explicit relationships (which go in both ways) between classical L-
functions twisted by finite order Hecke characters and signature lattice zeta functions are
given. The method generalizes to Z,(a, b; x; s) (which was denoted in [3] by ¥y (a,b,w, s),
when y = w is a sign character). The general principle of this method is in fact contained
in Hecke’s original approach; see [26] for a modern presentation of Hecke’s approach given
in terms of the so-called ideal numbers.



Let us now give a brief outline of the various sections of this paper. In Section 1, we
first provide some background on lattices and orders in number fields and prove some basic
results on the group of units Vy.,;, on which lattice zeta functions depend. We then explain
a connection between lattice zeta functions and Epstein zeta functions. In Section 2 we
introduce some convenient labelling of the set of embeddings of a general number field K
and recall Neurkich’s notation that was introduced in Chapter VII of [26]. In particular in
that section we introduce the space R (~ Kg) with its canonical metric, the normalized
multiplicative Haar measure on R and the multidimensional Gamma function. In Section
3 we introduce some useful notation to describe the set of quasi-characters of the Lie group
G := Ky ; and given a fixed finite index subgroup V of O, we make a detailed study of
the space Xy, which corresponds to those quasi-characters on G which are trivial on V. We
also introduce some convenient way of parametrizing the quasi-characters in Xy in terms
of quintuple and explain their relationship with Groflencharaktere and ideal class group
characters of K. In Section 4, we introduce the normalized weight w, = (p,, ¢,) associated
to a character y of G and the Euler factor associated to such a weight. In Section 5 we
provide some minimal background on spherical polynomials and then define number field
theta functions weighted by such spherical polynomials. In Section 6 we prove our main
theorem. Most of the notation introduced before and the various lemmas proved in the
previous sections appear in that proof. In Section 7 we record some of the basic properties
of lattice zeta functions. Finally, for the convenience of the reader we added 3 appendices
where each provides some complementary material on some parts of this work.

1.1 Lattices, orders and the finite index subgroup V, .,
Definition 1.8. Let n C K be a lattice. We define
Op:={ e K: nCn},

and call Oy the multiplier ring of n (or the endomorphism ring of n). Given a latticen C K
we let

(1.13) = {z € K : Trgg(zl) € Z for all £ € n}.

One may check that O, is an order of K, i.e. O, is a subring of Ok such that [Ok :
O,] < c0. Also n* is again a lattice that we call the dual lattice of n (dual under the trace
pairing). For a short account on the basic properties of lattices and orders in number field
see [0].

We shall use the following elementary properties for which a proof can be found in [6]
for example:

Proposition 1.9. Let n C K be a lattice. Then n*™* =n, O, = Oy and nn* = (O,)*.

Proof The proof of the first equality is straightforward. For a proof of the two remaining
equalities see Propositions 3.24 and 3.28 of [6]. O



Definition 1.10. Let n be a lattice of K. For a pair of elements a,b € K, we define
(1.14) Viap :={€ € O : (e—1Na€n,(e—1)ben”, (e —1abe (O,)}.

Remark 1.11. In [2], a slightly different group than V., , was used. It was denoted instead
by Lo and its definition was the same as in (1.14)), except that the last condition in (1.14)),
which reads here “(e — 1)ab € (O,)*” was instead given by “(e — 1)ab € 03", where 0 is
the different ideal of K. Note that since Dl}l C (Oy)*, we always have that I'ypn < Vigp-
The reason why it is preferable to work with V., ; rather than I'y;, is because we want

property (3) below to hold true.
The next proposition makes precise the exact dependence of V., on the triple (n;a,b).

Proposition 1.12. We have

(1) Vn;a,b = Vu;a,b - Vn;—a,b = Vn;a,—b - Vn;—a,—b and Vn;a,b = Vn*;—b,a'
(2) For all X\ € K\{0}, Vaap = V/\n;/\a&
(3) ifa=d (modn) and b="0b" (mod n*) then Vaap = Vo v

(4) The subgroup V. has finite index in Oj.

Proof The proofs of the first sequence of equalities in (1) is clear. The last equality in
(1) follows directly from the definition of V., and the facts that n** = n and O, = Oy
(see Proposition . The proof of (2) follows from the observations that (An)* = {n* and
O, = Oy, For proving (3), let O := O, = O+, ' = a+  and V/ = b+ ¢* for some £ € n
and ¢* € n*. We have /n* C O*, (*n C O* and (e — 1)¢¢* C O*. From this it follows that
for each € € O,, we get the following equivalence:

(e —1)ab e O < (e — 1)a't' € O,

which proves that Vaap = Ve w. It remains to prove (4). Let {e;:i=1,...,9—1} C Of
be a Z-basis of O /puk. The algebraic number a in the triple (n;a,b) may be written as:
2 for 5,t € Ok and t # 0, where s is chosen, so that sn C n. Choose N € Zx,, such that
NOg Cu. Let m = #(Ok /tNOg)*. Then for all i € {1,...,g — 1}, we have

Therefore, (¢]* — 1)a = (" — 1)7 € sn C n. Similarly, we may find an integer m’ > 1,

such that for each i € {1,...,9 — 1}, (¢ — 1)b € n*. Let m” = lem(m, m/). Finally, since
(O™ < Vyay it follows that [0 : Vs < (m”)971 O

Proposition 1.13. The summation in (1.6 is independent of a choice of representatives
R of the quotient set (a +n)/V.

Proof Let € € V., and let n € n be such that a +n # 0. Since € € V., we have

10



(i) e(a+mn) =a+n' for (a unique) n’ € n,

(ii) (e—1)ab € (Oy)*,
(iif) (¢ — 1)b € n*
Combining (i), (ii), (iii) with the fact that nn* C (O,)* (from Proposition the last
inclusion is in fact an equality) gives

2miTrg g(b-e(atn)) _ 2miTrg q(b-(a+n’))
(1.15) e e

Since y is V-invariant combining ((1.15) and (4.4]) we find that

(1.16)
627Ti Trye /g (b (a+n)) N((a + n)p) 627ri Trg /g (b-(atn) 627”' Trgjq(b-(a+n')

x(a+n)- N+ [N(a+n)p9)| [Na+n)P =x(a+n)- N(a+

This proves the claim. [

1.2 The relationship between lattice zeta functions and Epstein
zeta functions

We follow the notation used in Section 1.4.2 and 1.4.3 of [29]. Let P, be the symmetric
space of positive definite symmetric n x n real matrices. Let ¥ € P,. Given a column
vector x € RY we let Y[z] := 2'Yx so that [z — Y[z]] is a positive definite quadratic form
on RY. The classical Epstein zeta function associated to Y is defined as

(1.17) Z(Y,s)= Y. Y[jn]s,
neZI\{0}

where s € IIg. The fact that Z(Y,s) converges absolutely when s € Ils follows rather
directly from the absolute convergence of the integral given in Section (see )
further down below. More generally, given a triple t = (a, b; 1)) where a,b € RY and where
¥ : (29 + a) — C is a function, one may associate the following t-decorated Epstein zeta
function:

e27ri(b7(a+n)>
(1.18) Z(Y,s)= Y. dla+n)-

neZI\{(0,...,0)}
n+a#0

Yia+n]*

where (, ) is the standard inner product on RY (i.e. the one corresponding to the Minkowski
metric, Section . Under suitable assumptions, this Dirichlet series will again converge
on a right half-plane. For example if ¢ is bounded then obviously [s — Z(Y, s)] converges
absolutely on IlIg. Let us now assume that ¢» = 1 until the end of this paragraph. At
the very beginning of the 20th century, Epstein made a detailed study of such Dirichlet
series (see [11] and [12]; see also §5 in Chapter 1 of [27]). In fact, in the introduction of
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[T1], one can read that Epstein attributes the discovery of the basic properties of these
Dirichlet series to R. Lipschitz (who incidentally passed away in 1903): namely the proof
of the analytic continuation to C and of the functional action in s following the classical
approach of Riemann. See for example equation (7) of [11] or Theorem 3 of [27].

Let K be a number and let ¥ be its set of embeddings into C. We fix for the rest of this
section an ordering of ¥. Following [29] (see Theorem 1.4.2), if one chooses an ordered basis
By of a lattice n C K, a fixed ordered basis By of the free part of a finite index subgroup
Y < O, and a real vector x € RY, one can associate a positive definite symmetric matrix

Y = YB1,Bg(na x) € Pg.

When t = (0,0; 1), it is straightforward to see that the Epstein zeta function Z(Y, s) does
not depend on the choices of the ordering of ¥ and of the basis B;; it does depend however
on the choice of By. When V = O and n = Ok, Hecke proved the following remarkable
integral formula:

Theorem 1.14. (Hecke, see [18])

w
2ngRk

(1.19) Ak (s) =7°T(s) Z / Z (thgz(u, ), g) dx
z€[0,1]" 2

[CI]ECKK

Here Cly is the ideal class group of K, Ry is the regulator of K, t = (0,0,1), r =
r+r—1, Y0 = |Y|_§Y and Ak (s) is the completed zeta function of (k(s) so that
Ak(s) = Zo,(0,0,1;s). In particular, the left hand side does not depend on the choice of
Bs.

A more modern and very detailed sketch of proof of Theorem can be found on p.
77-79 of [29]. Of course Theorem generalizes verbatim to arbitrary lattices n C K and
arbitrary finite index subgroups V < O, where again this time the left hand side of
depends only on n and V and not on the choices of the ordering of > and of the bases B;
and BQ.

Now, let T = (n, (a,b);(x,V)) be a triple as in the introduction so that V satisfies the
conditions (a) and (b) of the introduction. In particular V N ux = {1} and x € X, (see
Definition . Recall that X is endowed with a fix ordering, B; is an ordered basis of
n and B, is a ordered basis of V < Op. In particular, using the basis B;, we have that
any element a € K corresponds to a unique vector in Q9 that we still denote by a. If one
considers the special triple t = (a = 0,0 = 0; x) then a formula which generalizes
is proved in [I9] (see their main Theorem 0.2). It seems very likely that such a formula
holds true in complete generality, i.e., without the assumption that a = b = 0 € QY but
the author did not check all the details. Since the notation for the current paper is already
quite involved, we refrain from introducing an additional layer of notation that would
handle simultaneously Lattice zeta functions and t-decorated Epstein zeta functions. We
might address this question somewhere else in the future.

At this point, what the reader should keep in mind is that a lattice zeta function Zz(s)
can be written as a certain integral of a parametrized family of t-decorated Epstein zeta
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functions; and therefore the analytic continuation and functional equation of Zz(s), in
principle, follows rather directly from the analytic continuation and functional equation of
t-decorated Epstein zeta functions. Since the usual proof of the analytic continuation and
functional equation of Epstein zeta functions follows Riemann’s approach (it relies on the
Poisson summation formula), ultimately, the proof of Theorem [1.4|which is given in Section
[6] is fundamentally not so different from the one suggested here.

Remark 1.15. The study of signature lattice Eisenstein series that was made in [4], for
K a totally real field, can also be obtained in an alternative way by using Epstein zeta
functions. As was pointed out in the introduction of this paper, one can extend the results
of [4] so that K is allowed to have complex embeddings and where the general term of a
lattice Eisenstein series is allowed to be twisted by an admissible characters of K = K®¢C
(what we call a “complex GroBencharaktere”). In fact, the writing of such an extended
theory using the Epstein approach seems to allow a more uniform and smooth presentation
than the more elementary approach followed in [4].

1.3 Absolute convergence on II;

Proposition 1.16. We use the same notation as in the introduction so that K is an
arbitrary number field of signature (ry,13) and Z<(s) is the Dirichlet series defined in (|1.6))
associated to an admissible triple € = (n,(a,b);x), so a lattice zeta function. Then the
Dirichlet series [s — Zz(s)] converges absolutely for all s € 11;.

(1st Proof) The simplest proof is to compare directly Zz(s) with the Dedekind zeta
function (x(s) and then use the fact that (x(s) can be easily compared with (p(s) (the
Riemann zeta function) which is known to converge absolutely on II;. Let Z(s) := Zz(s)
and s = o +it € II;. Since |x(a + n)| = |e>™ Tre®@tn)| = 1 we have

1
(1.20) 1Z(5)] < N(n)” - .
agm | Nxsgla+n)l”
a+n#0

By rescaling we can assume without loss of generality that n is a sublattice of Ok and that
a € Ok since this does not affect the convergence of (1.20]). We have

1 1
1.21 E < [O% V] - E )
(1.21) | Ng/ola+n)l” < Ok V] _INazl
Ziﬁ% 0£2€0K /O

Now the idea is to bound by above the right hand side of by a Dirichlet series which
can be related to the Riemann zeta function (g(s) which is known to converge absolutely
on IT;. We let Clx = Pic(Ok) = ||, [a;] where [a;] is the Og-ideal class of a; where h
is the class number of K. Now since Ok is a Dedekind domain, each non-zero integral
Ok-ideal b can be written as b = Aa; ' for a unique index 7 € {1,...,h} and a A € a; which
is uniquely determined modulo Oj. From this it follows that
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X . 1 1 _ [K:Q)
0%V Y N S (0);(9 Na)7 = (k(0) < Co(0)F Y < .

0#£2€0K /O %
;é K/ K a is an O -ideal

Note that the first inequality is an equality only when h = 1 and the second equality uses
the Euler product of (k(s) and the fact that a prime p € Z factors in a product of at most
g prime ideals of Ok.

The proof given above is not completely satisfactory since we are not proving directly the
convergence of Z(s) but bound it indirectly by a Dirichlet series which involves potentially
more terms but which admits an Euler product and which allows it to be compared to
Ga(s)

(2nd proof) A potentially more enlightening and geometrical proof which does not use
any Euler product is the following. As in the 1st proof we have the inequalities ((1.20]) and

(1.21). For s = o + it € II; we let
2= !
(8) = Nz

0#£z€0K /O

Recall that each matrix Y € P, is equivalent to the diagonal matrix I, under the congru-
ence relation by matrices of GL,(R). It follows from Theorem and the compactness
of [0,1]" (r =r; + 7y — 1) that the absolute converge of Z(s) is equivalent to the absolute
convergence of the standard Epstein zeta function Z7 (%) where I, is the g x g identity
matrix. But the absolute convergence of [s — Z7 (%)] on II; follows directly from the
simple observation that the integral

(1.22) /IGRQ (2" 2)°dx

xta>1

converges absolutely when s € Ilg (this can be seen most directly by using the usual

spherical coordinates on RY). Here x is viewed as a column vector and ' is the transpose
of x. [

Remark 1.17. The second proof described above is essentially the one found in Sections
6.11 and 6.12 of [10] where it is worked out in an elementary and detailed way for a number
field K of signature (0,r3) (more precisely for K a cyclotomic field).

Remark 1.18. It is worth to emphasize that the number of lattice points of Z9 in a
large centered balls of RY and Weyl’s law for the asymptotic number of eigenvalues of the
euclidean Laplacian acting on the real torus RY/Z9 are two sides of the same coin, see for
example Chapter 0 of [20] which deals with the case g = 2. In particular, any crude version
of Weyl’s asymptotic law implies readily the absolute convergence of when s € g
(see exercise 1.4.5 of [29]).
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1.4 The zeta function of an order O

If O C Ok is a non-maximal order, it seems natural to define the zeta function of O as

(1.23) Co(s) == Y Nla)s

aClInv(O)
aCO

where Inv(QO) is the group of O-invertible fractional ideals and N(a) corresponds to the
absolute norm (see [0]). Since the group Pic(O) is finite, one can write (n(s) as a finite
sum of partial zeta functions where the finite sum is over the ideal classes of Pic(O). In
particular, it follows from Propositionthat Co(s) converges absolutely on IT;. However,
contrary to (o, (s) = (x(s), in general (p(s) does not admit an Euler product. However,
if f = ¢co € O is the conductor of O (the largest Og-ideal contained in O, see Section 3.4
of [6]) then it follows from Proposition 3.39 of [6] that

1 —s

(1.24) Cogls) == D - =[Ok : O] % - Co;i(s)
(Na)
aClInv(0)
aC O,(a,f) =1

where

1 I

Cont(s) = )3 = O ()
aCOgk (N Cl) pCOx (N p)
non-zero O -ideal such that (a,f) =1 non-zero prime O g -ideal

(p.H)=1

2 Embeddings and a review of Neukirch’s notation

The notation introduced in this section is largely based on the notation found on p. 444-445
of [26]. Let K be an number field of degree g = 71 + 215 over Q and let ¥ = Hom(K, C)
be a complete set of embeddings of K into C. As in the introduction, r; is the set of real
embeddings of K and 2rs is the set of complex embeddings of K so that the number field
K has signature (ry, 7). Let

(2.1) oo :C—=C

denote the complex conjugation. The group Gal(C/R) = (c) acts on the left 3. Usually
for an element a € C we denote its complex conjugate cw(a) by @ and similarly if 7 € X
then 7 means c,, o 7. We choose to write X as

(22) 27’:{7—1 =pP1, T2 =P2, -+, Try :IOT2}
for the set of real embeddings of K and

(23) Ec - {TTl—i—l =01 Try42 2= 025« « o5 Teydrg = Opgy Trydrag+1 = 617 coey Tryd2ry = 67“2}
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be the set of complex embeddings of K, so that ¥ = %, | |¥.. It is also convenient to let
(2.4) Y o={o1,...,0n}, XW={cy,...,0,}

In particular, the 3, can be viewed as the Gal(C/R) fix point set of X. We call ¥/ and X/
half set of complex embeddings.

Definition 2.1. A choice of writing of ¥ as above is called an admissible labelling of 3.
Sometimes, the set ¥ endowed with a choice of an admissible labelling will be denoted by
. A pair (K,*Y) is called a framed number field.

In particular, if ¥ is endowed with an admissible labelling then the sets X,, X, 3/, X7
and X come with a given ordering.

Recall that Kgr = K ®g R. The admissible labelling of ¥ provides a priviledged identi-
fication

(2.5) L: Kg — R x C™
xR A= ()N, .. pr ()N 01 ()N, .o o (T)N)

In fact, a choice of an admissible labelling of >

(1) provides an identification between the three sets K, R™ x C2 and R x C>,

(2) and also an identification between the two sets R™#72 = R"™ x R"? and R>"">c,

We consider the framed g-dimensional C-algebra attached to ‘%
Cy = ((CE,ZE) )
Using the labelling of 3 gives the following privileged isomorphism of C-algebras
(2.6) P :Cy — CY
(2r)7; = (2o v vy 22y)

In particular, note that the isomorphism class of Cy, as a C-algebra is only a dependence
of the degree [K : Q] = g. For the sequel, since ‘3 is fixed we shall denote Cyx; simply by
C.

As for complex numbers, we have vector maps

Re: C — R* Im: C — R*” -|: C = R,
(2.7) 2T Zy z 2|
where z; =z, +iy,, x = (¢;)r, y = (y-), and |z| = (|z-|),. We call |z| the absolute value
vector of z.

The C-algebra C is endowed with three R-linear involutions. For every element z =
(27)rex € C we define
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(1) 1 :C—=C, (1(2))r = 2

(2) ¢3: C— C, (c2(2)r = (21)

(3) cs=cr0¢y: C— C, (e3(2))r = (25)
Obviously all these involutions are R-linear and commute with one another. In fact, con-
sidering the C-linear structure of C we have that ¢, is C-linear while ¢y and c3 are C-linear.

Note also that the involution z +— ¢;(z) acts trivially on all the coordinates indexed by
TE X,

Definition 2.2. Let W be a finite dimensional C-vector space. A real structure on W
is a choice of a C-linear involution (anti-linear involution) c: W — W. Forw € W we let
wh = t(w+ow), w =w—ow), Wr={w":weW}and W~ ={w :we W}
We call W the real part of W and W~ the purely imaginary of W. In this way we have
W=WteoW~ where WHr ={weW :ow=w} and W~ ={w e W :ow=—w}.

If z € C we let
(2.8) Z = c3(2)

and we call the involution c3 the “complex conjugation” on C. So the map z — Z induces
“simultaneously” a complex conjugation on the coordinates and an involutive permutation
on the indices. We choose to endow C with the real structure coming from the C-involution
C3.

These involutions equip the C-algebra C with certain distinguished subsets namely
(a) R:==Ct={z€C:c3(2) =z},
(b) Ry :={zx e R: 2z =cy(x)},
()
(d) H:=R:+iR,.

Here i = v/—1; also if x € R and § € R then the notation x > § means that z, > ¢ for all
7 € X. Note that the purely imaginary part of C is given by C~ = iR so that

(2.9) C=RaiR.

In particular, we must have R NiR = {0,} which can also be checked directly.
Remark 2.3. In [26] (see p. 445) and in [2] the set R, above is denoted instead by R

More concretely one has the following explicit descriptions fo the R-algebras R and R..:
We let

(210) oy : Kg=R™ xC¥ =R" xC"? — R

(Zpyr s Zopy3 Zovs 0 Zapy) 7> (Zpys ooy Zppys Zars v v o3 Zopys Zo1r -+ + » Zny )
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where the last 75 coordinates of the image are determined by the rule z5, := (z,,) so that
image of « is indeed in R. We let

(2.11) ot R¥VSe — Rt = SR,

(Zprs -+ 3 Zppys Zors s Zony) P (Zpys ooy Zpr i Zons v v o By Zays e o s 2y )-
where the last 75 coordinates of the image are determined by 2z, := z,, so that the image
of aw is indeed in Ry. The descriptions of R, and H are then clear. Note also that H

admits also the following alternative description H = {z € C : z = ¢4(2),Im(z) > 0}. If
we let

(2.12) h:={r+iyeC:y >0}

be the Poincaré upper half-plane, the the space H can be naturally identified with ™ "2
in the following way:
(2.13) as:ht2 S H

(Zh ceey By R4l e e 7ZT'1+7'2) = (Zh cee s Brpy Ry s ey Rrg bl Bl - e 7ZT2+1>
Note that H is naturally a subset of h"1*2"2. The maps «; and a» are compatible in the sense
that they agree when evaluated on an element which is common to both of their domain
i.e. in dom(ay) Ndom(ay) = R™*"2. However, when r; = 0 (so that dom(ay) Ndom(as) =

hritr2 £ (), the pair of maps (aq,as) is not compatible. We also let 3, := a;! for
x € {1,2,3} be the reciprocal maps.

By definition we have the following diagram of inclusions:

(2.14) HCCDOR2OR, DR,

For the additive group C and the multiplicative group C* we have the group homo-
morphisms

(2.15) Tr:C—C N:C*—C~*
zHTr(z):ZzT ZHN(Z):HZT

T T

Definition 2.4. We endow C with the hermitian scalar product

(T,9)c = fo(y‘r) = Tr(z - ca(y))

and call {,). the canonical metric on C. We let ||z||. = \/(z, 2)¢

By definition (_, ). is (C,C)-bilinear and ({z,y).) = coo({z,¥)c) = (y,7).. Note that
(,)c is equivariant under “complex conjugation” in the sense that

(2.16) ({7, 9)e) = cool{,9)e) = (e3(2), c3(y))e =

|
—
Al
<
~
o
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Also if z € C, then cy(2) is the adjoint element of z i.e.,

(2.17) (x2,9)e = (x, c2(2))e-

Restricting (, ). to the R-vector spaces R and R4 provide these with a euclidean metric
which we denote again by (, ). and call again the canonical metric.

Example 2.5.

(1) For p; € %,, let e,, € R be the vector where we place 0 in each coordinate T € X
except for the position p; where we place 1,

and

(2) foro; € ¥, lete,, € R be the vector where we place 0 in each coordinate T € ¥ except
for the positions o; and o; where we place \%

Then the set {e,,, €5,,i€5, : 1 <1 < 1,1 < j <y} is an orthonormal basis of the euclidean
space (R, (,))

2.1 The power and the logarithm vector maps

For two tuples z = (z;).,p = (p;). € C we define the power vector map

[p]: C— C
(2.18) z 2P = (22)

where zP7 := ePr198% [t is well defined if we agree to take the principal branch of logarithm
and assume that the coordinates z.’s move only in the plane cut along the negative real
axis. If we restrict to R* the absolute value vector map considered in ([2.7) we obtain the
map

(2.19) | [:R* = Ry, z = (2;), = [2| = (|2-])r-
There is also a logarithm vector map given by

(2.20) log: R, = Ry, r = (x,), — logz = (logz,),.

2.2 Canonical metric VS Minkowski metric

Recall that K is a number field of signature (rq,79) so that g = [K : Q] = r; + 2rs. Recall
from ([2.10) that we have an isomorphism of R-algebras

Bi=a;' R —R™ x C>e
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We view K C R via x + (7;(x))7_, which through the map j; corresponds to the natural
inclusion K C Kg = R¥ x C>. For a fixed A € R* let

(221)  fy:RM xC"? - R
(1o T3 21y ey Zry) = (1, ooy e s AR(21), .oy ARE(20,); AIm(21), ..., AIm(2,,))

So fy provides an R-vector space isomorphism between R™ xC"™ and RY. In many textbooks
on algebraic number theory, authors choose A = 1 but the choice A\ = v/2 would also be
natural (see Corollary . From now on we choose to identify R™ x C™ to RY using the
map f;. This induces an identification between R and RY as R-vector spaces which is given
by

(2.22) fi:=fiof:R— R
(Zprs - ) Zopy3 Zors e v o5 Zapys Zors -+ + 3 Zpy) F

(215 -+ 2p s Re(20y ), - - -, Re(2o,, ); I (20, ), - - -, Im(25,,))

Definition 2.6. Let x,y € RY.

(1) The Minkowski metric on RY (the standard euclidean metric) is defined as

g
i=1

(2) The canonical metric of type (r1,19) on RY (recall that g = 11 + 2r3) is defined as

r1 r1+2r2
(2,y)c = inyi +2 Z ZiYi-
i=1 i=r1+1

Definition 2.7. Let (V,(,)) be a euclidean space of dimension n. Let {vq,...,v,} be
linearly independent vectors. The (,)-volume of the “unit box” B = {>_,t;v; : 0 <t; <1}
15 defined as

(223) V01<7> (B) = | det((vi, Uj>)i,j‘1/2-

The rule B +— vol(y(B) gives rise to a (Borel) measure on'V which we still denote by vol).
Let L CV be a lattice of mazimal rank and {vy,...,v,} be a Z-basis of L. Let B be the
unit box generated by the v;’s. The (,)-covolume of L is defined as

(2.24) COV<,> (L) = VOl(»(B).

We shall denote the volume measure on (R, (,).) and (R, (,).) by vol. and the volume
measure on (RY,(,)\) by voly,. Given a lattice L C R we define the absolute value
discriminant of L to be

(2.25) dy, := (cov(),(L))* € Rsg
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Definition 2.8. Let Ly, Ly C R be two lattices (of mazximal rank). We define the index
[Ll . LQ]

as the absolute value of the determinant of any g-by-g matrix with real entries which takes
a Z-basis of Ly to a Z-basis of Ly. When n C K C R we define the absolute norm of n as

(2.26) Nn =[Ok : 1] € Qsy.

So we always have [L; : L] € R.g. The rational index satisfies the transitivity formula
[Ll : LQHLQ : Lg} = [Ll : Lg] for all lattices Ll; LQ, L3 g R.

Straightforward calculations give the following:

Proposition 2.9. For z,w € R we have that
(2.27) (z,w)e = (f1(2), fr(w))e.

Also, if n C K C R is a lattice then

(2.28) cove(n) = /|dg| - Nn
which is equivalent to
(2.29) dy = |dg| - (N )%,

where dg is the discriminant of K.

Proof See p. 30-31 of [26]. O

Corollary 2.10. Let {e,,, e5,,ie5, : 1 <i < 1,1 < j <ry} CR be the orthonormal basis,
with respect to (_, )., which was introduced in Example . Then {fi(e,,). fi(es;), fi(ies;) :
1 <i<r,1 <j <y} is an orthogonal basis of (RY,(,) ), such that for 1 < i < rq,
I|fi(ep)ll = 1, and for 1 < j < ro, ||fi(es)|| = ||fi(es)|| = \/Lﬁ In particular, the map
fr:(R,(,)e) = (RY,(,)x) is an isometry (here f 5= f 50 B1). Moreover, if X C R is a

measurable set then vol.(X) = 2" vol, (f;(X)).

Definition 2.11. Let L C R a lattice. We define the dual lattice of L as
(2.30) L*={reR:{{,l"). €Z forall{ € L}.

Lemma 2.12. Let L C R be a lattice. Then dy, - dr = 1.

Proof See Lemma 3.32 of [6]. O

Corollary 2.13. For all lattices n C K C R, one has
Ok :n]-[Og,n*] =N(n) -Nn")= —.
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2.3 The normalized multiplicative Haar measure on R

Consider the Lie group isomorphism
kiR, — Ry
(231) (y17 <o Yr Y415 - - Yrira s Yra 15 - - 7y7"1+7“2) = (y17 s Y y?ﬁ-la s 7y31+r2)'

Note that the isomorphism x agrees with the one at the bottom of p. 453 of [26] (recall
also that Ry is denoted by R in [26]). On R, we have the standard Haar measure %. If
t=(t1,... trsry) € RIT™ we define the measure on R

ri1+r2 dt:
(2.32) d'y = K" (H T) ,
i=1

We call d*y the canonical Haar measure on R, (this Haar measure is denoted by d—yy in
[26]). We consider the norm-one hypersurface

S:={zeR;:N(z)=1}.
We can write uniquely every y € R, in the form

Y

— 1/ —
(2.33) y=ux-tY9, where z = N(y)17s

€S and t=N(y) € R;.
Let B
Li={u-1,:ueR;}
and ( : R, — L be the isomorphism given by
(2.34) tes 0(t) = Y91, = (Y9, 119 e L.
It follows from that we have an internal direct sum decomposition
R, =SaL.

We let d*x be the unique Haar measure on the multiplicative group S such that the canonical
Haar measure d*y on R, becomes the product measure

(2.35) d'y = d*z x d*t,

where (€)*(d*t) = % where ¢ is the parameter on R, as in (2.34).

We choose to identify R, with R using the log map and iterating this on each coordinate
gives the Lie group identification

log : R — V=R,
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We endow V' with the Minkowski metric (,)¢ (see Section [2.2)). In particular we have an
isomorphism
0:=logok: Ry —V
(2.36)
(Tpys 3 Tpy 3 Yors s Yoryi Yors - -+ Yoy ) = (108 X0y, ... log ), ;2108 Yoy, .., 2108 Yo, )
One may readily check that
(2.37) 8 (voly) = volgsy .

If we restrict the map 6 to S, it provides a bijection between the norm-one hypersurface S

and the hyperplane
r1+r2

k=1

In particular, the map 6 maps Oj; into H. If we let vy = \/%Tm 1,,4+r, € V note that vy is
a unit vector (with respect to (,),¢) which is perpendicular H.

Definition 2.14. Let Ly = §6(Op). It is a lattice of H and let L := Ly + Zvy which is a
lattice of V.. We define the requlator Ry of K as
1

(2.38) Ry = NCET cov iy (L).

The definition of Ry above agrees with the more conventional one which is given in
terms of the absolute value of the determinant of an r X r matrix where r := r; +ry — 1.
Recall that this matrix is constructed out of a basis of the free part of O and of an
indexing set (X, U X)\{7} where the removed embedding 7 is arbitrarily chosen. For a
proof that the two definitions agree see Proposition 7.5 on p. 43 of [26].

Proposition 2.15. Let V < O be a finite index subgroup and let

e :=[{(0%)*, ux) : (V*, pc)]

where (O%)?* corresponds to the subgroup of OF generated by the squares of units, and
similarly for V*. The map € — |e| sends O} into S and has finite kernel ug. Let Fy be a
fundamental domain for the action of |[V?| on' S. Then

(2.39) volgs,(Fy) =e-2" - Rg

where r =1y +1ry — 1.
Proof This is Lemma 5.6 on p. 461 of [26] which is stated for V = Oj.. Note that the

quantity r in loc. cit. is defined as r; + ro which differs slightly from our definition of r
given above. [
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2.4 The weight space and the multi-dimensional Gamma function

and let C = Cy, (see Section [2)).

Definition 2.16. An element p = (p1,...,Pr12r) € ZSSL% C R is called admissible if
for1 <i<ry, p€{0,1}, and forri+1 <i <ry+ry, pi-Ditr, = 0. We define the weight
space of C to be

(2.40) Wy =W:=C-1,+Z%,+iR. C C,
where 1 = 1¢ is the unit element of C. Let
(2.41) s=s5-1,+p+iqge W

where s € C, p € (Z>p)" 72 and q € Ry. We say that the writing on the RHS of (2.41))
1s an admissible writing of s € W if p is admissible.

Lemma 2.17. Let s € W and assume that s = s - 1,4+p+iq =5 1,4p +1iq are two
admissible writings of s. Then either one of the following four outcomes is true:

(1) qg=¢,p=p and s =5,
or
(2) q=q¢,1r2=0,s—5 =p =1, andp=0,,
or
(3) g=q,r2=0,5—8 =—p=—1, andp' =0,
or
(4) ¢ # ¢, s —s € iR\{0} (non-vanishing and purely imaginary), p = p' and ¢ — q =
—i(s—¢)- 1.
Proof By assumption we have
(2.42) (s=5)-1+(p—p)=i(d —q).
case ¢ = ¢': So let us assume that ¢ = ¢’ so that
(2.43) (s —8") Lptom, =0 —p.

If s = s then p = p/. Let us now suppose that s # s'. In particular, in this case it
follows from (22.43)) that for all k, pj # pr. We claim that the case ro > 1 is impossible.
Indeed on one hand we have that (p). 1, P 4 110,) = (Pri41, Prisi4r) = (5—5)-(1,1) but on
the other hand we must also have pl. 1,0} 11 s Pris1s Prisidre € Zxo and Pl 1D 14y, =
Pri4+1Dr 414, = 0. If for example p. ,; > 0 then we must have

(244) p/rl+1+r2 =0= Dritl4ry > 0= Pri+1 = 0= (p;qul? _pT1+1+7‘2) = (5 - S/) ’ (17 1)
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which is absurd. The other cases are dealt similarly. So we may assume that ro = 0. Since
p,p € Z%, are admissible it follows from that s — s’ € {0,1,—1}. If s = &' then
p=7p. If s—s =1 we must have p’ = 1,, and p = 0,, and similarly if s — s’ = —1 we
must have p’ =0,, and p = 1,,.

case ¢ # ¢': Assume now that ¢ # ¢’ and let iy be the least index such that ¢;, # ¢, . It
follows from that s —s'+ (pi, —p},) = i(¢, — ¢,)- In particular, since p;, —p}, € R (in
fact this difference is even in Z) and that ¢;, # ¢;,, it follows that s # s" and that s — s’ is
uniquely determined by the i coordinates of p,p’, ¢ and ¢’. We claim that n :=p—p’ = 0,.
Assume not, then we can find two indices iy, i such that n;, # ng,; but then (s — ') + ny,
and (s — s') + n;, would be both purely imaginary which is absurd and therefore we must
that n = 0,. Finally, since p = p’ it follows from that s — s’ € iR\{0} and we
therefore obtain that ¢ — ¢ = (s — &) 1,. O

Definition 2.18. Let s = (s;); € C and assume that for all i, s; ¢ Z<o. The multi-
dimensional gamma function associated to (K,*Y) and evaluated at 5 is defined as

(2.45) Ts(s) = (H F(si)> : <f[ pl=(sitsu) . T (g, + 52-,))

i=r1+1
where for uw € C, I'(u) is the usual gamma function evaluated at u, and where i’ =i + ro
forri+1<i<ry+rs.

Note that the definition of I'y; only depends on the signature (r1,72) of K.
Proposition 2.19. Fors € C with Re(s) > 0 we have
5

(2.46) Ty (2

)= [ Ny,
R+
where d*y is the normalized multiplicative Haar measure on Ry that was defined in (2.35)).

Proof This follows rather directly from rewriting the RHS of (2.46) as an iterated
integral. Note that some care must be taken to handle pairs of complex embeddings. For
the details see for example §4 in Chapter 7 of [26]. O

3 The group G = K and the space of quasi-characters
Xy

3.1 The abelian Lie group G

Recall that 3 = Hom(K, C) and that “> comes with a fixed choice of an admissible labelling

(see Section . Since X is fixed from the outset we shall write C instead of Cx. Using
this admissible labelling one gets an R-algebra isomorphism

(3.1) L Kgp =K ®yR— R xC™
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given by ([2.5). Using ¢ we can view each element of Ky as an (r1+7rq)-tuples (z1, ..., 2. ; 21, . ..
where z; is real and z; is complex. We let

(3.2) G := Ky
It is an abelian real Lie group. Let ay be the map in (2.10]). It follows tautologically that
(3.3) alg : G — R”

is a Lie group isomorphism.

The map ¢ in (3.1)) induces the following Lie group decomposition
(3.4) G = {£1}" x R x (C*)™.

Let S':={z € C: |z| = 1} be the unit circle in C. We shall always identify R, x S and
C* in the usual way namely (r,u) — ru, so that the one can refine the decomposition (3.4)
to

(3.5) v: G — {£1} x R x (S,

which we simply call the standard decomposition of G. If we let Gy := G° denote the
connected component of the identity we thus find that Gy = R} "™ x (SY)2. If g € G, it
thus admits a unique writing of the form

(36) g = (617"'7€r1;x17"'7xrl;7'17"'7TT2;U17"'7ur2>

where €; € {£1}, x;,7; € R} and u; € St so that zj = rju; for 1 < j < ry. An element

g € Gy thus corresponds to a tuple of the form (1,...,1;%;%;%). We let
H‘,_/
1 times
(37) Yo : GO — R:_H_TZ X (Sl)m
g'—>70<g) = (x:l?"'7xr1;r17'"7TT2;U17"'7UT2)

(so one simply removes the string of 1’s of length r; at the beginning of v(g)).

At this point it is worth to introduce two distinguished subgroups of G namely
(3.8) S:={(&1,...,+1;1,...,1;1,..., 1)} < G
and

(3.9) L= {e(t):=(1,..., ;9 o420 129 1 1) € Gy:t e R} < Gy.
" re

We call S the signature group and L the line group. If ry = 0 then S is the trivial group.
Note also that L. comes with the natural parametrization ¢ — £(t) for ¢t € R,..
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The norm map N : Cy — C induces a norm map on R. Using the isomorphism
B3 =az': R — Kg (see (2.13))) it induces a norm map as well on G = K. Explicitly, we
have

(3.10) N:G - R
g = (& 75, 21) = (€525 7h,ug) = Ng = HQ‘H%‘ HTZ
i i

It is an onto Lie group homomorphism. Note that for g € G, if N(g) > 0, we have the rule

N({(Ng)) = Ng.

The norm map in (3.10) induces also an onto Lie group homomorphism N : Gy — R,.
We let

(3.11) Gy :=ker|g,={9€ Go:Ng=1}
= {(x17"'7xT1;r17"'7TT2;*> : H'rzHr? = 1}

where * = (uy, ..., u,,) € (S*)™ is arbitrary. The inclusion G; < Gy admits the following
retraction map (in the category of Lie groups)

(3.12) r:Go— Gy
g ({(Ng)™"-g

which provides the direct product decomposition

(3.13) Lo G — G
(4, 9) = Lg
(((Ng),r(g)) <y

It thus follows that we have the internal direct sum decompositions

(3.14) G=SoLae G and Go=L& G;.

3.2 Standard identifications between abelian Lie groups

The building blocks for the connected abelian Lie groups are S!' and R. We choose the
following normalized isomorphisms (identifications) of Lie groups

(1) log: Ry = R, t—~logt,exp: R — Ry, ¢t +— e,
(2) []:Z — Hom(S*, C*) where for u € S*, [n](u) = u™,

(3) a; : R — Hom(R,R,) where for t,z € R, ay(t)(x) = €*
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(4) oy, : R — Hom(R, S') where for ¢,z € R, a,(t)(x) = €',

(5) at, = (a4, 0y) : R xR — Hom(R, C*) so that for z,y € R,
apu(®,y)(2) = ar()(2) - au(y) (o).

(6) If we identify C with R? using the map a+ib > (a,b) one may consider the following
sequence of isomorphisms:

(3.15) C — R 2% Hom(R, C*) % Hom(R,, C*)
which provides the identification
(3.16) p: C — Hom(R,;,C*)
a+ib— (Bla+1b))(t) = (atu(a,b))(logt)
— ta+ib

3.3 Some notation and basic results on topological groups

If A, B are LCA (Locally Compact Abelian groups) we let Hom(A, B) = Hom,.,.(A4, B)
be the group of continuous homomorphisms from A to B endowed with the compact-open
topology. Note that the compact-open topology coincides with the topology of compact
convergence on the set Hom(A, B). Let us denote the category of LCA by LCA. The
category LCA is a quasi-abelian category but it is not abelian. For example the map
R%s¢ — R is simultaneously a monomorphism and an epimorphism but it fails to be an
isomorphism.

Remark 3.1. For an elementary introduction to LCA and the statement of the structure
theorem for LCA see [23]. For a more thorough presentation of LCA see the short book
[22]. In general, if A, B are LCA then Hom(A, B) is not necessarily locally compact. For
example if Q and Q/Z are viewed as discrete groups then Hom(Q, Q/Z) ~ Hp Q, where
Q, is the p-adic field endowed with its p-adic topology and where Hp Q, has the product
topology; clearly Hp Q, is not locally compact. Recall that a LCA B is said to contain no
small subgroup if one can find an open neighborhood U of 0 which contains no non-trivial
subgroup. When B is compact and contains no small subgroup then one can show that
Hom(A, B) is again locally compact, see for example the corollary on the top of p. 377 of
[24]. For the reader eager to learn more about usual homological algebra constructions in
the setting of LCA we refer to [24].

For the convenience of the reader we list below some basic results on Lie groups that
we shall apply later on.

Proposition 3.2. (1) Let G be a connected abelian Lie group. Then G ~R® x (S')® for
some unique integers a,b € Zg.
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(2) Let G be an abelian Lie group. Then there exists a discrete Lie subgroup D < G such
that G = G° @ D (internal direct sum) where G° is the connected component of the
identity and D < G. Here D ~ my(G) := G/G° where mo(G) is called the component
group of G, which is viewed as a discrete Lie group. In general the choice of D is not
unique.

(8) Let G be a Lie group and K < G a normal closed subgroup. Then G/K carries a
natural structure of a Lie group. Let m : G — H be an onto Lie group homomorphism
and let K := ker(m). Then K is a closed normal Lie subgroup of G, and the Lie group
quotient and G /K is isomorphic as a Lie group to H via 7.

Proof The statement (1) is classical and follows rather directly from the surjectivity of
the exponential map exp : T.G — G when G is a connected abelian Lie group. (2) follows
from the observations that G° is a divisible open subgroup of G' by (1); and then one can
apply Corollary 4.22 of [28]. The first part of (3) is Theorem 3.64 of [30] and the second
part is Corollary 5.3.10 of [§]. O

3.4 Quasi-characters and characters of G

Definition 3.3. Let G be a locally compact abelian group. We let G = Hom(G, S) be the
character group of G. It is again a locally compact abelian group. An element of x € G s
called a (unitary) character.

We shall now introduce some useful terminology and notation in order to organize the
characters of the Lie group G. Recall that LCA is the quasi-abelian category of locally
compact abelian groups. Let C be the subcategory of LCA which consists of abelian Lie
groups with finitely many components and where the arrows are Lie group homomorphisms
(so smooth maps). It follows for example from Theorem 5.3.9 [§] that C is a full subcategory
of LCA. If G € C it follows from (1) and (2) of Proposition [3.2 that G ~ G° @ my(G) where
G° ~ R? x (S1)” and where my(G) is viewed a discrete (so finite) Lie group. In general, if
G1,Gy € C and f: G; — Gq is a Lie group homomorphism then im(f) € C but ker(f) may
fail to be in C. For example the map exp : R — S, z + €*™1* has Z as kernel which is not
inC. If G € C and H < G is a closed subgoup then H may not lie in C but the topological
group quotient G/H always lie in C. The fact that G/H carries a natural structure of a
Lie group follows from (4) of Proposition [3.2| ( but when G is an abelian the proof becomes
rather straightforward). So to summarize C is a full subcategory of LCA which admits
quotients but it is not abelian since in general the kernels of maps are not necessarily in C.

Definition 3.4. Let G € C. We let G := Hom(G,C*) and G := Hom(G,R,). Note that
G is always in C and if G° does not contain any subgroup isomorphic to S' then G is again
in C. We call G the group of quasi-characters of G and G the group of positive
characters of G. If G = H, & H, is an internal direct sum decomposition of G we agree
to write G = fvll &) fvfg where a quasi-character x on ﬁl 18 viewed as a quasi-character on
G by extending it trivially to Hy (and similarly when x € Iflg)
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For G € C we always have the internal direct sum decomposition within the category
LCA

(3.17) G=Gad.

Definition 3.5. Let Gy, Gy € C and let H < G be a closed subgroup (not necessarily in C).
We define

(3.18) Hom™ (G, Gy) := {p € Hom(G1, Gs) : plg = 1}.

Using (4) of Propositz’on we have the identification Hom™ (G, Gy) = Hom(G1/H,G5).
Now let G € C where G = K. Recall that G decomposes as G =S @& Gy =SB L & Gy.

(1) An element x € G = Hom(G, C*) is called a quasi-character.

(2) An element x € G = Hom(G,Ry) is called a positive quasi-character.
(3) An element y € G = Hom(G, S') is called a (unitary) character.
)

(4) We callS := Hom(S, {#1}) = Hom(G /Gy, {£1}) the signature group and an element
X €S is called a signature character.

(5) An element x € Hom®(G, S') = Go is called a connected character.

(6) Let T < G be a closed subgroup. An element y € Hom' (G, S') = Hom(G/T, S') is
called a T'-invariant character of G.

Remark 3.6. Of course the terminology above can be extended to any element G € C. For
example in (4), one could replace S by m(G), and {£1} by p, (the group of n-th roots of
unity), where n is the exponent of 7y(G); however perhaps in that case it would be better
to talk of “u,-signature characters”.

3.5 The factorization of V-invariant quasi-characters of G

Recall the distinguished subgroup L. < G which we call the line group and which comes
with the explicit isomorphism ¢ : R, — L where ¢ was defined in (3.9). The distinguished

isomorphism 5 : C — ﬂ\%jr in (3.16) gives rise to the following isomorphism, which we still
denote by f:

(3.19) f: C — Hom(L,C>),
where for a +ib € C and g = {(t) € L,

(3.20) B(g) = ™+ = (N g)*+ib

Since G ~ (Z/27Z)™ x R™*72 x (S1)"2 it follows that

(3.21) G~ (Z)27)" x 7' x C"1772,
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and that
G~ (Z)27)" x 7" x Rr1+72

We now focus on the group of characters of G namely on G = Hom(G, S'). We choose to
decompose an element x € G in the following way:

(3.22) X = Xm* Xn Xy X6
where m € (Z/2Z)™, § € R™, v € R™ and n € Z™. Here, for

(3.23) G = (€1 ey € Ty e oy T Ty ey Ty Uy« ey Uy ) = (555 %5 %) € G
(8) Xom(g) = [T, €™ where [m;] = 0 if 7, = 0 and [m,] = 1 if m; = T.

(b) xn(9) u

(e) xy(g) =TI, %

(d) xs(g) =T, €™

The quadruple Q, := (T, n, 7, d) associated to x in (3.22)) is unique since the map

(3.24) G — (Z)27)"" x 7" x R™ x R™
X Q= (m,n,v,0)y

is a group isomorphism.

Definition 3.7. A character x € G admits a unique writing given by which is
described by a unique quadruple Q, = (M, n,v,0) € (Z/2Z)" x Z™ x R™ x R™. We call
Q, the Q-weight vector of x. In particular, if x € Hom(Gy, S) then there exists a unique
triple T, = (n,v,0)y, € Z™ x R™ X R™ such that x = xn - X~ Xs. We call T, the T-weight
of x.

When the character x is clear from the context we may drop the subscript index y on
Q, and write Q instead. Conversely, any quadruple Q = (7, n,v,d) as above gives rise to
a unique character yo € G.

Definition 3.8. For x € R™""2 we define the modified trace of x as

ri1+ra

(3.25) Zxﬁ? >

Jj=ri+1

Soif x = (y,2) € R x R™, ﬁ(x) = Tr(y,2z). Let x € G be a character of parameters
(m,n,v,0). We define the trace of x as

(3.26) Tr(x) := Tr(7, 8) = Tr(, 26) Z% + zz 5;.
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In particular, a character y € G has a trivial trace if and only if y is L-invariant, i.e.
x € Hom"™(G, S").

Remark 3.9. Recall that ap : R"* — R, was the embedding defined in (2.11)). One
may check that the reduced trace on R™%"2 is compatible with the trace on R+ in the sense

that for all z € R™*"™ we have ﬁ(x) = Tr(as(x)).

3.6 G; and Dirichlet’s unit theorem

We know that G; ~ R~ x (S1)™2. For convenience let us choose such an isomorphism
~1 in the following way:

(327) Y1 - G1 — er—i_m_l X (51)7"2
G (X1 ey T 7Ly ey Ty 15 ULy e ey Uy
if ro > 1, and
(328) Y1 - G1 — Rn_l
g (ri,re, .o 1)
if o = 0.

Consider the composition of maps

lo

O}x{ y Gy 1 , R$+T2_1 % (Sl)” b1 R:ﬁ-rz—l 8 Rritra—1

0

where p; : R T271 5 (§1)r2 — R7H7271 is the projection on the first factor.

Recall Dirichlet’s unit theorem (see Theorem 7.4 on p. 42 of [26]):

Theorem 3.10. (Dirichlet’s unit theorem) We have ker @ = px and im(6) is a complete
lattice in R™ 271 In particular, O /ur injects in R™T271,

3.7 The spaces Xy, X}, and %%’1
Let us fix a Lie group universal covering map
(3.29) Ty : RMF2r2=l _y Rrifra=l o (glyr

From now on, we fix a subgroup V < Oj such that V N ux = {1} where px is the group
of roots of unity in K. In particular, )V embeds in G;. Let

(3.30) L:= L+ Ly <R 22!
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where Li := 7, (11(V)) and Ly := 75 ({0p, 1ry—1} X (S1)™2). We clearly have that Ly is a
lattice of rank ro. Moreover, since p1y1]y : V — R?”Tl is injective it follows at once that
Ly < R2271 g g lattice of rank ry + ro — 1 such that Ly N Ly = {0}. In particular, L
must be a lattice of rank r; 4+ 27y — 1 and therefore

(331) RT1+27‘2—1/L ~ (SI)T1+2T2_1.

Finally since G /V = R"*+2r2=1 /[ we obtain the following:
Proposition 3.11. There exists a Lie group isomorphism
(3.32) G1/V ~ (Stynt2ra—t
and therefore

(3.33) Hom"(G, C*) ~ (§ & (G1/V) @ IE) ~ (Z)2Z)™ x 2N+ % C,
In particular, each quasi-character x € HomV(G, C*) can be uniquely written as
(3.34) X =X x1- [N [

for xm € g, x1 € HomY (G, S") and t € C.

Note that for normalization purposes we have chosen to put an i in front of the complex
parameter t. In particular, if t € R then g — | N g['! is a unitary character of G.

Definition 3.12. In order to simplify the notation we let

(3.35) Xy = Hom"(G,C*), X% :=Hom"(G,S"), X' := Hom"(G,,S").
In this way we get the following internal direct sums

(3.36) ¥y=SeoLexy, and v —SoLexy
Remark 3.13. Note that there exists an abstract group isomorphism

(3.37) kAR

The isomorphism ({3.37)) is not canonical but once we choose an ordered basis B of V we
will describe in Section [3.7.1] a standardized isomorphism which depends only on B.

As a direct consequence of Proposition [3.11| we get

Proposition 3.14. To each quasi-character x € Xy, we can associate a unique quintuple

(3.38) Q, = (m,n,v,0;s)y € (Z/2Z)" x Z™ x R™ x R™ x C,
such that
(3.39) X = X X Xy Xo - | N[ and Ti(v,0) = 0.
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Note that in this case X1 = Xn - X~ X5 € %%’1. In particular, iof x € X3, then it can be
uniquely written as

(3.40) X = xm - X1 | N

where Xm € g, X1 € qu,’l and t € R so that the quintuple in that case is given by
(3.41) Q, = (m,n,v,0;t), € (Z/2Z)™ x Z"™ x R™ x R™ x R.

We call Q, the Q-weight of x.

Example 3.15. (i) x € Xy is a sign character, i.e. x € g, if and only if Q, =
(77, 0y, Oy, Oy, 0).

(ii) For each fized complex number s € C, the map x — |Nz|*, for v € G, gives a
quasi-character x € Xy for which Q, = (0,,, 0y, 0, 0,,, —15).

Remark 3.16. In Definition [f.1] we shall give a recipe to associate to 9, a unique pair of
invariants w, = (p,q) € Zg&r 2 Ry

Definition 3.17. Consider a quasi-character x € Xy with its associated quintuple Q, =
(m,n,v,0;t),. We define

(1) the discrete weight of x to be the pair (T, n).
(2) the continuous weight of x to be the triple (v, d,t).

(8) the norm parameter of x to be it.

3.7.1 B-integral parametrization of characters in %3’1 and the invariant vector
A

X

We have explained in the previous section that any character y € %qul is uniquely deter-
mined by a triple

Ty = (n,7,0) = (ny, 1y, O0y) € Z™ x R™ x R™,

such that Tr(y) = ﬁ(%o(sx) = 0, see Definition Note that the way the weight T,
is computed does not depend on the finite index subgroup V < Of. We wish in this
section to provide an alternative parametrization of a character y € %@’1 in terms of a
pair [n,m] € Z™ x Z"*2"! where n = n, (the first coordinate of the weight ¥,) and
m € Z"™t271 The fact that such a parametrization exists follows from the existence of
an isomorphism in ; but such a parametrization will depend on V), and in fact it will
really depend on a choice of an ordered basis B of V. So the information contained in m
will be equivalent to the information contained in the pair (7, d,). We shall also introduce
certain vectors a,, A, € R". The vector a, will be entirely determined by the vector n (and
the basis B) and the vector A, will be entirely determined by the pair [n,m] € Z™ x Z"
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(and the basis B). When r, = 0, the pair [n,m] reduces to m and it will be explained
that in this case A, = 27 - m so that m determines uniquely A,. However, when ry > 1,
we shall give examples where A, = A, but x # 1. So at least in the case when r, = 0,
the integral vectors A, = 2mm € 27 - Z" provide an alternative way of parametrizing the
characters x € X}

For the rest of this section, we fix a finite index subgroup V < O such that V N ux =
{1}. Let us choose arbitrarily an ordered Z-basis of V, namely a set of units

(3.42) B:=A{e1,...,} CV
such that V = &% . ¢Z .. 2 (internal direct product) where r :=ry + 7y — 1.

For x € K and 1 < 5 < 2¢g we let 2 = 7;(z) where ¥ = {7,..., 7y} is the ordering
associated to an admissible labelling (see Section . Let x € .'{%’1 with its associated triple
T = (n,7v,0) € Z" x R™ x R™. For each unit ¢ € V we have x(¢) = 1 and therefore

(3.43) i log || give log|eD| | i201log|eIH] | (i26r, log|e1H72)]

g(rit1) n1 g(ritr2) Nry .
|5(T1+1)‘ Y |5(T1+7"2)| o
Taking the complex logarithm of (3.43)) we find
(3.44)
T1 ) T2 ) T2 )
i Z’yj log [eW] + ZZ(Sj log [e"F9)] + an arga(”“)] = 2rim for somem € Z.
j=1 j=1 j=1

When ry > 1, the third sum in (3.44)) involves the logarithm of complex numbers; for z € C,
we choose the principal value of arg(z) i.e. —m < arg(z) < w. If we apply (3.44)) to each e,

and recall that Tr(x) = /T\;(% 9) = 0 we find that the following system of equations must
be verified:

(3.45) Zlvj+2i5j20
j=1 j=1

71 T2
Zyj log [e] + 2 Zéj log || = 270my — 4y

J=1 J=1

T1 T2
Z ~ilog |eY)] + 2 Z §;1og |5 | = 2my — ag
j=1 j=1

T1 T2
(3.46) Z v;log [eW)] + 2 Z §;log e )| = 2rm, — a,
P =1
where
r2 €(~T1+k)
(3.47) a; ::an~arg <|Zn—+k)‘> for j=1,2,...,r
k=1 €5
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and where the m;, € Z. We set

mq 3]
(3.48) m:=| : and ay '=a =

Notice here that a, = (ay,...,a,)" only depends on n, = (n4,...,n,) and not on (v, d,).

Remark 3.18. In the spemal case where 7 = 0 (so K = Q or K = Q(v—d)) it is
understood that the above system of equations is empty. Also when o = 0 it is understood
that s = 0,.

In matrix notation the above system can be written as

(3.49) MRy = A°
where

(3.50)

71
1 1 . 1 : 0
log 5(11) . logel™ log |5(”+1 | log |51 rhr2)] . Yoy 4 a0 2Tmy — a
. : AW T 20, an X
log 5( ) loge™  log |5 (ru+) | log |5T 1J”"2)| : 2Tm, — a,

26,

So the matrix M has size (r; + ) X (r; + 72) and the column vectors R, and A) have
length 7y +7r5. Let Ly,..., Lo 1 = Ly 4y, belinesof M sothat Ly = (1 ..., 1),..., Ly 1p, =
(log \57(})|, ...,log \5£T1+r2)|). By Dirichlet’s unit theorem, we know that {Ls, ..., L, 4., } are
R-linearly independent. Moreover, it follows from Proposition 7.5 on p. 45 of [26] (or
it is directly and easily proved) that L; cannot be written as a linear combinations of

Lo, ..., Ly 4+, so that M is invertible.

Remark 3.19. Note that the first column of M~ is easy to compute. From the identity
MM =1, ,, we readily find that

gl]*. *

é*. *
M =

5*. *

%* *
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Definition 3.20. Given a character x € %ﬁ’l of weight T, = (ny,Vy,0y) determines a
vector

(3.51) A?( =M R, e R"""2

and we let
2mmy — aq

(3.52) A, =21-m—a, = : eR"
2mm, — a,

So A, is the vector A?C to which one has removed its first entry 0.

Let x € ﬁ;’l with its weight T, = (n,, 7y, dy). By definition the vector A, € R" is
uniquely determined by the pair (7, d,) (and B); moreover since the matrix M is invertible
it also follows that A, determines the pair (7,,d,). Recall that a, is entirely determined
by the vector n, (and B). In particular, the integral column vector

1
(3.53) m=—(Ay+a,) €Z

2m
is entirely determined by ¥, (and B). Conversely, given an integral vector n € Z™ (and
B) determines a vector a, € R"; moreover given also an integral vector m € Z" determines
the vector A, = 2mm — a, which in its turn determines a pair (7,0), and therefore a triple
(n,7,0) which determines a character y € %zfjl. We thus see that the data T, = (ny, 7y, 0y)
and [n,,m,] are equivalent.

Definition 3.21. For a character x € %Qf;l, we call [ny, my] the B-integral weight of x.
Conversely, any pair [n,m| € Z™ x 7" determines a unique character in .'{%’1 which we
denote by Xpnmi:z- When the integral basis B is clear from the context we shall drop the
index B and simply write X{n m-

Therefore the notion of B-integral weight provides an alternative way of parametrizing
the characters in f{,’l. Now the following natural question arises:

Q: Is it possible to find two distinct pairs [n, m] # [0/, m’] such that Avipmy = Ax[n/ ?

m/]

In the case when ry = 0 the answer is trivially no since A, = 27wm determines x. When
K contains a CM field (so that necessarily ro > 1) we shall soon explain a strategy for
constructing distinct characters x,y € %;j’l such that A, = Ay.

Remark 3.22. The author of this paper did not succeed in constructing such a distinct
pairs of characters y, 1 € %zfjl when K contains no CM field.

Let us first provide a definition of a CM field which is well suited for what is to come.

Definition 3.23. We say that K is a CM field if the following 3 conditions are satisfied:
(1) K is totally imaginary so that [K : Q] = 2rs.
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(2) For each o € ¥, 0(K) is coo-stable as a set. Here ¢y, : C — C,z — co(2) = Z is the
complex conjugation.

(3) The element p := o 'coo € Aut(K) is an involution which is independent of the
choice of the embedding o.

In particular, p is an involution in the center of Aut(K) which we call the canonical
involution. Note that in general Z(Aut(K)) may contain many distinct involutions.

Remark 3.24. If we let Kt := K then K™ corresponds to the maximal totally real
subfield of K so that K can be viewed as a totally imaginary quadratic extension of the
totally real field K. Note that many authors define a CM field as a totally imaginary
quadratic extension of a totally real field.

So let us assume that K be a CM field and let p € Z(Aut(K)) be its canonical involution.
We let Aut(K) act on the left of K and we let X “operate” as well on the left of K. Let us
first explain the basic idea for constructing such pairs (y, ). Let ¢ € O%. It is well-known

that for any o € 3 one has that
(=0 (L> e Cx,
p(e)

is a root of unity in K, i.e. (, € ug; see for example Theorem 4.12 of [3T]. In particular,
this implies that

(3.54) arg (%) € Q.

To fix the idea, let assume for simplicity that m = 0,.. For n € Z™ let

(3.55) Xn = Xno,)-

Since m = 0, it follows that A,, = —a,,. We thus wish to find two distinct vectors
n,n’ € Z™ such that

(3.56) ay

=ay ,.

n n

Recall that a,, = (ai,...,a,) where the a;’s are defined as in (3.47) and depend only on
n. We hope for the system of equations

c(rtk)

i o .
(3.57) an arg<| (r1+k)‘> =0 for1 <j<r,

€
to have infinitely many integral solutions in the variables n’ = (n},...,n.). Since r =
ro — 1 < 7o this system has infinitely many rational solutions n’ = (n},...,n.) € Q™. By
renormalizing the system (13.57)) by multiplying each equation by a suitable large integer N

(ri+k)
so the vector a € Q" gets replaced by Na and the coefficients arg sr—k get replaced
ey )

J
(r1+k)

by N arg (W>) one obtains infinitely many solutions n’ € Z".
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To be more specific, let K be a quartic CM field where ¥ = {1, = 01,72 = 09,71 =
01,72 = 02}. In that case 11 =0, 79 =2, 7 =711 + 172 — 1 = 1, and the free part of O} has
rank 1. Let ¢ € Of generate a finite index subgroup of Oy which does not contain any
root of unity and assume furthermore that Q(¢) = K (in particular ¢ is totally imaginary).
Set V := (¢) and let

| < 1,(2)

(3.58) By = —-arg |0k(8)|> €Q for k=1,2.

Since ¢ is totally imaginary it follows that both (; and (5 are non-vanishing. For each
n = (ny,ny) € Z* such that

(359) nlﬁl + n252 = 0,

one can associate the character

(3.60) Xn() = ( 71(7) )m : ( 72(2) )nz.

In particular, in this case note that
(3.61) Ay, = a1(xn) =0

is the null vector of length r = 1. Now, let n = (ny,ns) € Z*\{(0,0)} be a fixed solution

to (3.59) so that
(3.62) a1(xn) = m(n161 + n2fa) = 0.
Choose k € Z\{0} such that kfy, kB2 € Z and set

(363) n = (n1 + kﬁg,ng — kﬁl) c 72,
Then
(3.64) ar(Xn') = W(”ﬁﬂl + nlzﬁz) = 0.

In this way we have succeeded in producing infinitely many n’ € Z? such that y,, # Y, but
with A, = A, , =0.

= X!

3.8 An instructive example when K is real quadratic fields

Let us provide an explicit description of a B-integral parametrizations of characters in the
special case of real quadratic fields. Consider the embedded quadratic field K = Q(+/dg) C
R where dx > 0 is the discriminant of K. Let ¢y € O be the fundamental unit normalized
so that g > 1 and let V := (). Note that the condition VNux = {1} is trivially respected.
In that case each character y € X% is uniquely parametrized by a pair (¢,;) € R?:

X1 Go = (KX)° — 8!

(21, 22) = @ - @y,
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Since y is V-invariant we must have

D)
‘581)|i’71 . |8(()2)|i’yz . ’60 |1’Y1

— |€0|i(vrvz) — 1.

62
Taking the complex logarithm we thus find that
(3.65) (71 — 72) logeg = 2mm

for some m € Z. If moreover y € X%’l we must have Tr(y) = 0 i.e. 71 + 7 = 0. We thus
get the following linear system in (71, 72)

(71 —2)logey = 2mm
7+ 72 =0

which solution is given by

™m ™m
nd 7y = —

(3.66) "

B log & logey

It thus follows that the characters in %1{,’1, when restricted to K™, admits the following
integral parametrization:

(3.67) Xm : K — St

logeq

1mT™m

iTm =
T —> ‘x|log50 . |I | logeg —

T

x/

where K C R via 2 — z® and 2/ := 2@,

3.8.1 Hyperbolic Fourier series coefficients for the real analytic lattice Eisen-
stein series over QQ

Consider the classical real analytic “lattice Eisenstein series”

s

(3.68) Glzs)= Y

2s
o0 ommyeze T+

Re(s) > 1.

Recall that [s — G(z, s)] admits an analytic continuation to all of C\{1} (with a pole of
order one at s = 1) and that it satisfies the functional equation

(3.69) 70 (s) - G(z,8) =7 T (1 = 5) - G(2,1 — s).

To learn more about the motivation behind our choice of the word “lattice” see [7]. Let
v € SLy(Z) be a hyperbolic matrix, i.e. Tr(y)? > 4. In that case, the two eigenvalues of ~y
are units ¢, ¢’ € O where K := Q(v'D) C R, D = Tr(y)? —4 = f2dx where dg = disc(K)
and f € Z>,. We view K C R as an embedded number field by taking the positive square
root of D. If x € K we let 2’ denote its conjugate. Let ¢ € O be the fundamental unit,
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normalized so that g > 1. Note that if Negy = —1 then 0 < g, < —1 while if Negg = 1 then
0 < ej < 1. Let w, w' be the two fixed points of v on the real axis. Recall that ¢,¢" € R are
the two eigenvalues of . We shall assume, without loss of generality, that the quantities
g,¢',w and w’ are normalized so that € > 1 > & > 0 and that w > w’. Let n = Z+wZ and
Of = Oy = Z+ f caOk be the order of level f. We thus have that n is Og-invertible (the
notions of Oy-invertibility and Oy-properness for lattices of real quadratic fields agree, see
[6]).

The function [z — G(z,s)| is invariant under the hyperbolic matrix 4. On p. 84-89
of [27], Siegel provides a hyperbolic Fourier series expansion along 7y (see also §4 of [13]
for a nice discussion on the hyperbolic Fourier series expansion of a general one variable
automorphic form):

(3.70) [z — Gz +1iy,s Zak emiv
keZ
where
l _ /
(3.71) vi= ogu) wi=2"Y and z=ux+1y.
2loge w—z

Let g, be the oriented geodesic which connects w’ to w. It is a half circle with diameter
corresponding to the segment w/w which has the negative trigonometric orientation. If
Z € guw then it follows from our choices of normalizations that z* := vz lies on g, to the
right of z; see the first picture on p. 85 of [27]. It also follows that the coefficients ax(s) do
not depend on u in the sense that 2ay(s) = 0 and Za(s) = 0; this follows from the fact

that argu = 7 as z moves along the geodesic g, (see the discussion on the top of p. 86
of [27]).

Let V := (), it is a finite index subgroup of Oy such that V N {x1} = {1}. For each
integer k € 7Z, consider the character y; € Xy, defined by

(3.72) Xk KX — St

ik
loge

xT
l’|—>—/
xT

On p. 89 of [27], Siegel calculation implies that the k-th Fourier coefficient can be written
as

m*(L(s)) "

A  5).
210g5 (0707<Xk7v)73)

(3.73) ag(s) =

Here Zy(0,0, (x&, V); s) is the completed £Z for the triple T = (n, (0,0): (xx, V). In par-
ticular, note that the functional equations for the family of completed zeta functions

{[s — Z4(0,0, (x, V);s)] : for k € Z},

follows at once from the single functional equation of [s — G(z, s)] given in (3.69).

Remark 3.25. In [27], Siegel assumes that n is an Og-ideal but his calculation is still
valid for a general lattice n C K.
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3.9 Relationships between V-invariant characters, Grof3iencharaktere
and ideal class group characters

In this section we recall succinctly, for the convenience of the reader, the relationship
between the following three types of objects associated to a number field K:

(1) Characters in the spaces X},
(2) GroBencharaktere of various moduli m,

(3) Characters of the idele class group Ck := I /K*.

Below we shall use a notation which is mostly consistent with the one found in §6 of [26].
We try in our presentation to be concise but nevertheless recall some the key definitions
in order to facilitate the reading. We refer the reader to loc. cit. for a more detailed
presentation (including some definitions of objects considered below for which definitions
have been omitted) and some of our omitted proofs.

Let K be a fixed number field and O := Ok be its ring of algebraic integers (so the
maximal order inside K'). Let m be a finite modulus of K, which is the same as having an
integral O-ideal of K. We let

(a) Jm be the group of all fractional ideals of K which are relatively prime to m

(b) Pa1 be the group of principal fractional ideals (a) which can be generated by an element
a=1 (mod m).

Remark 3.26. The groups J, and P, above are denoted instead in [26] by J™, Py
respectively.

We also let

(i) Rm := O/m, the residue ring modulo m,
and

(i) Cl(m) := Ju/Pun1, the ray class group of modulus m.

When m = Ok we usually write Clg := Cl(Ok).

Remark 3.27. The discussion below can be generalized in two ways, we could allow O to
be a general order, and we could also allow m to contain a square free factor supported on
a subset of the set of real places of K. For simplicity we don’t follow this avenue here. We
suggest the reader interested in such refinements to consult [21].

—

Definition 3.28. A Dirichlet character mod m (or modulo m) is a character x € Cl(m).
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Definition 3.29. Consider Jy as a topological group under the discrete topology. A
Groffencharakter mod wm is a character x € Jy for which there exists a pair of charac-
ters

(3.74) Xt RE — St Xoo : G = K — S,
such that for all a € O\{0}, (a,m) =1, one has
(3.75) X(a0) = xt(a) - Xoo(a)-

We denote the group of Griflencharakere mod m by Gr(m).

We don’t put any topology on Gr(m) and think of it just as an abstract group. Let I
be the group of ideles of K and let Cx := Ix/K* be the idele class group of K. Recall
that I and C'x are topological locally compact abelian groups.

Definition 3.30. An idele class character (or a Hecke character in the terminology of [26])
1 a continuous character x € Ci

Let
(3.76) O, ={e€0:e=1 (modm)}

and assume that O N ux = {1}, so that it can be viewed as a discrete group subgroup of
G. Let also

(3.77) C(m) := Ix/IMK*

be the “idele class group quotient of level m” considered on p. 481 of [26]. See p. 480 for
the definition /. In particular, by definition C'(m) is a quotient of the idele class group
Ck.

There is a well-defined group homomorphism (injective but not surjective)
(3.78) ¢t Jn— C(m)

which takes a prime ideal p { m and send it to the Frobenius idele (1,...,1,m,1,...,1)
where , is uniformizer of K, placed in position p; see p. 481 of [26] for more details.
Moreover, one has the following short exact sequence (see Proposition 6.12 on p. 481 of

[26])
(3.79) 1 - G/OX %S C(m) S cl(m) — 1.

Remark 3.31. The term G/O} above reads instead as R*/Oy in [26] but recall that
G ~ R* (this follows directly from the ring isomorphism given in (2.10))).

A first key result is the following:
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Theorem 3.32. The induce map

(3.80) C(m) — Gr(m)
X+ xoc

is a (abstract) group isomorphism.

Proof This is Corollary 6.14 on p. 483 of [26]. O

Given a character x., € X}, we would like now to understand the Groflencharakere 1),
of a suitable modulus, for which ¥, = xo. We shall need the following elementary lemma:

Lemma 3.33. Let G be a finitely generated abelian group and let H < G be a finite index
subgroup where |G : H] = e. Let x € H. Then the character x can be extended in e

different ways to a character X on G, i.e. X € G and Xz = x.

Proof The Lemma is clear if G/H is cyclic. Using the Smith normal form for a square
matrix with integral entries we see that it is possible to find cyclic groups C; and C such
that G = @)_, C; (internal direct sum) and H = @;_, C! (internal direct sum), with
C! < C;for 1 <i<r. Since [G: H] < oo it follows that for each i, [C; : C]] < oo. Finally,
extending x to GG is equivalent to extending separately X|C§ to C; and therefore the result
follows. [

If V,V' < O* are finite index subgroups such that V' < V, then we have a natural
injection map X}, — X},. Given a character y., € X}, we can always choose a suitable
finite modulus m such that Oy <V so that xo € X .. Now applying Lemma and

using (3.79) we see that X0, when viewed as an element of X € X7, can be extended in
exactly # Cl(m) ways to a character of C'(m). As a consequence we get

Corollary 3.34. Let xoo € Xy;. Then there are infinitely many distinct Groflencharaktere
¥ € Gr(m), for different moduli m, such that Ve, = Xeco-

It follows from the definition of a Gréfilencharakter mod m that if x € Gr(m) then

(1) Xoo S x(%é, Xt € Rr>r<1
and
(i) for all e € O, x¢(e) - Xoole) = 1.

Conversely, to each pair of characters as in (i) for which (ii) is satisfied we would like to
better understand the GroBencharactere ¢ € Gr(m) such that (¢, ) = (X, Xoo)- As an
intermediate step let us introduce the following group

(3.81) Gro(m) = {(m,%) € R x Xt :for all e € 0%, ¢y (e) - tn(e) = 1.}
Consider the sequence
(3.82) Gr(m) = Gro(m) =+ X

where T (X) = (X, Xoo) and P2(Xt, Xoo) = Xoo-
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Proposition 3.35. The maps m, and ps are onto. Moreover #(ker my) = #(Jn/Pn) where

(3.83) Py < Ju is the subgroup of principal fractional ideals (a) which are coprime to m.

Proof Consider the exact sequence
(3.84) 1085 0% RX S Co(m)

where ¢,u and v are the natural maps. Let U = u(O*) and set e := [RY : U]. Let us
first show the surjectivity of ps. Let ¢ € X7, be given. We wish to find a character

Y € ]/%T\ﬁ such that (¢1,12) € Gro(m). If we let [O* : V] = n and ¢ € O, it follows
from the V-invariance of 1, that ¥s(¢) € w,; and therefore looking at condition (ii) we set
U1(e) = (1h2(€))™! = Xool€). So ¥y is a well-defined character on U which is completely
determined by )y ._Using Lemma we see that @Zl can be lifted in e different ways to

a character ¢; € Ry which proves that py is onto. Now let (¢1,1) € Gro(m). We wish
to construct a character ¥ € Gr(m) such that mn(¥) = (¢1,12). First note that the pair
(1h1,12) € Gro(m) determines a character ¥ on the set of principal ideals Py by the rule
U((a)) = 1b1(a) - ha(a). Reciprocally, given a character y € Py determines a unique pair
(Xts Xoo) € Gro(m). Now the character ¥ does not necessarily determine a character on Ji,

since not all ideals in J,, are principal. Since the class number of K is finite it follows that
h = [Jn : Py] < 00. Again, using Lemma we see that U can be extended in A different

ways to a character ¥ on Jy,. Finally, by construction we have ¥ € Gr(m) and 7, (¥) = v
which proves simultaneously that m, is surjective and that #(ker m,) = h. O

4 The w-weight, the Euler factor at oo and a key
change of variables

We shall use systematically in this section the notation introduced in Section [2 Here
(K,*Y) is a framed number field of signature (r1,75) so that g = [K : Q] = r; + 2ry; and
Y =%, X | XY is the set of embdeddings of K into C with a choice of an admissible

labelling as described in (2.2)), (2.3) and (2.4).
4.1 The w-weight of a character of G

Recall that G = Ky .

Definition 4.1. An element p = (p1,...,Dr12m) € Zg&ﬂw C R is called admissible if
for1<i<ry, p,€{0,1}, and forri +1 <i <1+ 79, p;i - Pizry, = 0. Let x € G and let

41) 9Q,=9=(m,n,701t)c(Z/2Z)" X Z"* xR xR xR and Tr(y,8) =0,
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be its Q-weight, see Proposition M) Following Neukrich’s notation introduced on p.
476-4717 of [26] we let

(4.2) py =p:=([m],..., [, ;00,3 0, ..., 1) €ER
where nj = n; and n; =0 if n; > 0, while nj =0 and n; = |n;| if n; <0; and
(4.3) G=q: =1t Lysor, +(7, s Y301, o, 0y 01, ..., 00y) € Ry

In particular note that by definition p is admissible and that p —iq lies in the weight space
W (see Definition . Moreover, by definition of (p,q), for v € G = K, we have

| () ou(z) i

where aqlg : G — R* is the isomorphism induced by oy (see (2.10) ). Recall here that for
y € R*, |y| € Ry is the absolute value vector and that |y|P~'9 € C is the power vector, see
Section [2.1 We let wy, = (p,q) and call w,, the w-weight of x. We call

(1) Q, or w, the weight of X,

(2) m the (real) signature of X,

(3) n the complex signature of X,

(4) (m,n) orp the discrete weight of x,

(5) (,0) or q the continuous weight of x.

Note that the continuous weight ¢ is always an element of R while the discrete weight p
(e 2% 22) does not necessarily lie in R (in fact it lies outside R precisely when n # 0,,).

Remark 4.2. Let y € G. Depending on the context, it is sometimes preferable to work
with the weight 9, while at other times (p,,q,) is more handy. Even though strictly
speaking the weight 9, (a quintuple) and (p, ¢) (an ordered pair of vectors) are different
they contain the same information so this slight ambiguity in the terminology should not
cause any difficulty.

Example 4.3. Let x € XY, and suppose that Q, = (M, n,v,d,t) and w, = (py,qy) are
the normalized weights of x. Let X be the complex conjugate character of x. Then Qs =
(m, —n, —v, =0, —t) and (py, ¢¢) = (c1(p), —q) are the weights of X. Here ¢, is the involution
introduced in Section [2.

When y is fixed and clear from the context we shall usually (p, ¢) instead of (py, gy)-
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4.2 The Euler factor at infinity

Let (K,*%) be a framed number field of signature (r;,72) and let C = Cy, (see Section [2)).
Recall that W = Wy, is the weight space (see Definition [2.16)) and that for s € C, such
that s; ¢ Z<, for all i, I'n(s) was defined as the product given in ([2.45)).

Definition 4.4. For s € C, p € ZSOHT? admissible and q € R4, we set
(4.5) s[s|]=s-1+(p—1iq) € W CC.

Let s € C be fivred and set s := s[s] to lighten the notation. The Euler factor of parameters
(p,q) evaluated at s € C is defined by

(46) Fip(s) = Il - (ﬁ (r% 1 (%) )) . (H (pm) =5 r ;))

i= i=ri+1

(4.7) = |dg|? - 72 ™ . Ty (g) ,

where for ri +1 < i < ry 419, i’ =i+ 1ry. It is also convenient to define the “p-reduced
Euler factor of parameters (p,q) evaluated at s” by

.T1§:T2 ‘ 1(% ‘>+_<T1§:T2 >
Pl (s) i= ldie |3 - - [ 2= 22 \m 7)) ) pg(s)

(4.8)
(-ati 3 <Zl >+'<r1§2 ) i A
s s rz{l=s)+1 A PP % 5; 5;+ 855
— | ldwlz - =% -2 g=ri+l o, j=1 j=ri+1 . F(J). (22—,
-7 " IIr(3)- 1L r (=5
Jj=1 j=ri+l1

In particular, note that the first factor within the large parentheses in the last equality
of does not depend on the parameter p which explains our choice of terminology.
Note that by definition the argument of the Euler factors F,q)(-) and ﬁ(p,q)(,) is a one
dimensional complex variable.

Recall that ¢; : C — C is the involution which swaps the two coordinates for each

conjugate pair of complex embeddings (see Section [2| ). Using the observations that
r1+2ro r1+2ro

> pj = > (ca(p)); and that ¢; = g for 1y + 1 < j < r; + ry one readily sees
j=r1+1 j=r1+1
from the definitions of F, 4)(s) and F, 4 (s) that
(4.9) Fpq(s) _ Fpg(s)

Fem-o—5)  Fep-gl—s)
Proposition 4.5. Let x € XY, with weight equal to (p,q) € W. Then

(4.10) Fy(8) = Fpg)(5),
where F,(s) was the Euler factor defined in (1.8]).
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Proof This is clear when one compares the product expansion given in (4.6) with the

one given in (1.8). O

4.3 The key change of variable for the multi-dimensional Gamma
function

Lemma 4.6. Forp € Zg&rm admissible, ¢ € Ry and s € 11; we let
~ 1 .

(4.11) s[s] :=s-ﬂ+§~(p—1q) eW.

Notice the factor % in front of p—iq. Let also

(4.12) s[s|:=s-1+(p—1iq)

be as in ([L.F). For Re(s[s]) > 0 it follows from Proposition [2.19 that

(4.13) Ts(5[s]) = | N(e vy hay.
Ry
Here the variable y € Ry and d*y is the Haar measure that was defined in Section|[2.5. Let

n C K be a lattice. Recall that Nn is the absolute norm of n and d,, is the absolute value
discriminant of n, see (2.26]) and (2.25|) respectively. Then for x € R* we have

(4.14) 2
(e Ty ) e N (AN Py = Ido |2 T (25) - (N 1) (Nn)*
(A — 2 . S) - n . - ,
L Ty = el E - Fpo(0) (N0 e
where
Tr(p —1i
(4.15) Ao = No(p, q) = %

For the defining formula for ¥, .(2s) see Definition .

Proof For z € R* we perform the substitution y — 7r|x|2y/d,11/g into (4.13). From the
multiplicative invariance of d*y we find that

(4.16)

A 3 3 ~ Gls)) 1 ~
/ o= 122y /di/? 1) NN dry = 7~ TCED . Py (5]s]) - (dn)ﬂ P
Ry

W Re(3[s]) > 0.

By definition we have

(4.17)



and therefore it follows that

. 2 A
(4.18) Ty(E]s]) = T's (5[QS]> and b TGRS _ TGSl

Using (4.18) and unfolding the definitions of F, 4 (2s) reveals that

_Te(3]s ~ 1
(119) w ) Ta(Els]) = 1 P (29)
Since d,, = |dg| - (N n)? it follows that
Trs[s] Xo
(4.20) w ! = ldgl" - (N - (N(n))™ - [dg| =

Moreover, unfolding the definition of the norm, the power map (see Section and 5[],
we see that

(4.21) L - !

N (Jafzoet) N (jal o) - [NG) P>

Finally, if we combine (4.19)), (4.20) and (4.21) in order to rewrite the right hand side of
(4.16)), we deduce that

(4.22)

—7( |z 19 13, 5[]\ g% Ao Nn 2s
/ e~ P/ e Ny dry = [die] T - g (25) - (N )™ - N o
R+

(a9 - TNG) =

This concludes the proof. [

5 Spherical polynomials and theta functions

Recall that (K,*Y) is a framed number field of signature (ry,75) so that g = [K : Q] =
71+ 2re; and X = X, | | XL | X! is the set of embdeddings of K into C with a choice of an

admissible labelling as described in (2.2), (2.3)) and (2.4)).

5.1 The quadratic spaces R, and C. and their spherical polyno-
mials

For this section we shall sometimes appeal to some basic notions on spherical polynomials
for which we refer the reader to Appendix [B| for a short overview.

Definition 5.1. (1) For p € ¥, we let R, := (R, Q), where Q(z) = x* where x € R is
the coordinate. The Laplacian on R, is defined as A, := —02.

(2) For o € X we let C, := (C,Q), where Q(z) = 2(z* + y?) where z =z +iy € C is
the coordinate. The Laplacian on C, is defined by A, := — ((95 + (95)
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Note that we put a subscript p on (R, Q), since we wish to view the quadratic spaces
R,’s as being distinct as the p’s vary in 3,. Similarly, we keep the subscript ¢ on (C, Q.),
since we wish to view those as well as distinct quadratic spaces when the ¢’s vary in 3.

For p € ¥, and o € ¥, we have canonical injections of real quadratic spaces
(5.1) LR, = (R, (;)e) and to 1 Co = (R, (,)e).

which provide a canonical internal direct sum decomposition, as quadratic spaces, of

(R, (;)e):
(5'2) <R7 <7>C) = (@RPJ) © <é CU]') :

If we denote by A. the Laplacian on (R, (,).) we find the following canonical decomposition
into partial Laplacians:

(5.3) A, = (Q; A,JZ) ® (Eé Am) .

Now, let (V := R", Q) be a positive definite real quadratic space of rank n. We let
H(V,Q) be the space of spherical polynomials with complex coefficients associated to
(V,Q). H(V,Q) is a graded vector subspace of C[xy,...,z,] where (z1,...,x,) € R™ is the
usual coordinate chart, so that H(V, Q) = @, Hir(V, Q). For example, if p € X, then

(5.4) H(R,) = C + Cu,
and if o € ¥, then
(5.5) H(C,) = C® 2Clz] ® ZC[Z] C Clz, y]

where z = x+iy. In particular, #(IR,) has only two non-zero graded components in degree
0 and 1 respectively. As for H(R,) its k-th graded component, for k > 1, is given by

(5.6) H;(C,) = C2* @ Cz" = CRe(2F) @ CIm(2"),
so that dim¢ Hi(C,) = 2 (for k > 1).
Let us write a coordinate z € R C C as
(5.7) 2= (21, ey Zry Zridly e oy Zritr) Zrybrgdly - - oy Zrp+2rs)
so that H(R, (,).) can be viewed as a subspace of C[z1, . .., Zr 1rys Zridrotls -« - s 21142 -

Definition 5.2. Let f(z) € Hi(R, (,).) be a homogeneous spherical polynomial of degree
k. We say that f(z) is diagonal with respect to the decomposition (5.2)) if

(5.8) forallT e X, ¥, Af=0.
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It follows directly from the definition that a homogeneous polynomial f(z) € Hx(R, (,).)
is spherical diagonal if and only if there exists an admissible tuple p € ZSJ 72 (see
Definition [2.16]) and a scalar A\ € C such that

(5.9) £(2) = AN(2P).

Recall here that if p € Z¢, and z € C then 2P means (2{",...,2") € C (see Section .
Note that the homogeneous degree of f is such that k = > Di-

Definition 5.3. A homogeneous spherical diagonal polynomial which satisfies (5.9)) is said
to have (admissible) weight p € Z””m.

5.2 The number field theta function

For the definitions of the sets (C, (,).), R+, R and H see Section [2|

Definition 5.4. We define the decorated gaussian function as the map

G(,):RxCxH—C

(510) (a’ w, Z) — ga(w7 Z) — eﬂi(az,a)c+2ﬂ'i<w,a>c'
Usually, we think of a as a fixed parameter which corresponds to the function

(5.11) CxH-=C

(w’ Z) — ga(w’ Z) — 67ri<az,a)c+27ri(w,a>c‘

Since {, ). is (C, C)-bilinear, it follows that (w, z) — G,(w, ) is holomorphic.

Definition 5.5. Let (a,w,2) € Rx C x H. Let L C R be a lattice of maximal rank and
let p € Zg&“% be admissible (see Definition . We define the number field (spherical)
theta function of weight p as

@m

(1 w: Z ZN (Z—l—f ga—M w, Z ZN a_{_g m ((a+0)z,(a+0))c +27ri<w,a+£)5‘
leL LeL

The sum in (5.12)) converges absolutely, this is Proposition 3.5 of [26]. Note that
Neukirch in his statement assumes that w € R but this is not needed in his proof. It
is also clear that [(w, z) — 6% (a,w; z)] is holomorphic.

Remark 5.6. If we ignore the choice of an admissible labelling on ¥, we see that the
dependence of 0% (a,w; z) on K is only a dependence on the signature (rq,73) of K.

Remark 5.7. Our definition of 6% (a,w; z) is slightly different from the one appearing on
the bottom of page 450 of [26]. Namely, if we denote by 607 (a, w; 2)xeu the theta function
introduced by Neukirch on p.450 we find the simple relation

(5.13) e iewle 0P (4 w; 2) ewe = 0% (a, w; 2).
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Remark 5.8. The reader may wonder about the relationship, if any, between 6°(a, w; 2)
and the classical Riemann theta functions which are use to embed polarized complex tori
into projective space. In Appendix [C] we explain such a relationship.

Recall that if n C K is a lattice then the rational index of n in O is denoted by [Ok :
n] € Q-o. Moreover the covolume of n inside Ok is defined as cov(n) := /|dk|[Ok : n], see
Section . Recall that the quantity \/dy can be interpreted as the covolume of the lattice
L C R with respect to the measure vol. on (R, (, ).) (see Section which ascribes the
volume 1 to the cube spanned by an orthonormal basis.

The key ingredient to prove the functional equation appearing in Theorem is the
following transformation formula for the theta function.

Theorem 5.9. (theta transformation formula) Let a,b € Ry and p € Zg&“ "2 be an admis-
sible discrete weight. Then one has

(5.14)
0P (a,b;—1/z) = (— 1)@ . g2rilable . (4 V712 N((z/ i)p+%'ﬂ) 0P (=b,a;z) for all z € H,

where 1 = 1, is the unit element of R and n* is the dual lattice of n (see Definition @)
Moreover, one has that

(5.15) 02(—a, —b; z) = (=1)™W - 02 (a, b; 2)

Proof For the proof of (5.14)) see equation (19) on p. 264 of [16] or (3.6) on the top of
p. 452 of [26]. The proof of (5.15)) follows directly from the definition 62(—a, —b; z) given

in (5.12). O
Remark 5.10. Note that the analogue of the factor (—1i)T®) . e2ritable . (d)=1/2 in ([5.14])
reads instead as in [26] (top of p. 452)

(516) (iTr(p) 627ri(a,b> VOl(n))_l _ (_ i)Tr(p) . 6—27ri(a,b) . VOl(ﬂ)_l

Here vol(n)™! in Neukrich’s notation which corresponds to our d, /2 There is thus a
sign discrepancy when one compares the factor e>7®be which appears in with the
analogous factor e=27%" which appears in . The reason for this discrepancy is that
we chose a slightly different normalization of our theta function than Neukirch’s one. Using
(5.13) one can see that the two functional equations are indeed equivalent.

6 Proof of the functional equation

6.1 Fixing the notation
We have K C Ky and we view K as a subset of R via the map «; : Kg — R (see (2.10))

We let n C K be a lattice and a,b € K. A typical element of n will be denoted by n. Recall
that Vi, is the group of unit which appears in Definition Let V be a finite index
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subgroup of Vy..p such that VN ux = {1}. We fix once and for all a character y € XY, (see
Definition ). Various objects that will appear in the proof will depend on the data
(n, (a,b), (x,V)); so in order to make the notation more compact we let

(6.1) T =(n,(a,b),x)) and T = (n*,(=b,a),X),

where x is viewed as a character on Ky /V. Note that the definition of T* makes sense since
Viab = Var—ba ((a) of Proposition and therefore V < V. ,. We let w, == (p,q))
be the w-weight vector of x (see Definitions ); so that wy = (pg, ¢x) = (a1(p), —¢). In
particular p € Z”“r2 is admissible and ¢ € R.. It is also convenient to let

Tr(p —iq)

6.2 Preliminaries: Lemmas and Propositions

For s € II; we let

~ 1 )
(6.3) 5::s-ll+§-(p—1q).
For x € R*, it follows from Lemma that
(6.4)
9 = N 2s
[ e Ny = ¥ - P (25) - (N w .
R N (i) | NG

Let us recall the notation in (6.4). Here (,). is the canonical metric on R (see Definition
(2.7)), d*y is the normalized multiplicative Haar measure on R, defined in Section ,
dy > 0 is the absolute value discriminant of n (see (2.25))), N(n) > 0 is the absolute norm
of n (see (2.26))) and F(; ) (s) was defined in (4.6)).

Now let R = {n; € n};c; be a complete set of representatives of {a +n}/V in the sense
that every element 0 # a +n € a+n can be written uniquely as e(a + n;) for some n; € R
and € € V. We associate to R the following “coset theta function”

(65) 91’ Cl b Z Z N a_'_n i(|a+n|2z,l)c+27ri<b,a+n>6’

neR
a+n#0

where z € H and |a + n| € Ry is the absolute value vector.

Combining (6.4)), (6.5) and (4.4) we find that

=N Ao 627ri<b,a—i—n>C
08 (0, b/ dY7) - N(F) 'y = [l ¥ - Fip(25) - (NP - (N2 3 y(a+n)
/m i’ () 2 [Nisglatn)>
a+n#0
A
= |dK‘70 : (N u)AO ’ F(py(I)(2S) : Zn<a7 bv X 23)

(6.6) = |dg|® - (N )™ - Zo(a, b, x: 25),
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where Z,(a, b, x;2s) is the uncomplete lattice zeta function given in (|1.6) and where
(6.7) Zn(a,b,x;25) == F)(25) - Z(a,b, x; 25),

is the completed lattice zeta function. Note that (6.7]) agrees with the definition given in
equation ([L.9) of the introduction since F(s) = F(,4)(2s) (see Proposition [4.5).

For z € H, recall that the number field theta function of weight p (see Definition
is defined as

(68) Qp CL b Z ZN a+n i<|a+n\2z,1>c+27ri<b,a+n)c

where 2, a and b are as before. We let

(6.9) P(a,b) == lim 6%(a,b;z)

z—ioo-1y
zeH

be the “constant term ¢q” (i.e. independent of z) of [z — 62(a, b; 2)].

Lemma 6.1. We have c£(a,b) = 0 unless the following two conditions are verified:

(i) forallT €%, p, =0,
and

(ii) a € n.
When (i) and (ii) hold true then c?(a,b) = 1.

Proof The constant term c¢( is potentially non-trivial only if —a € n. If this happens
then it is given by ¢y = N(0P) which vanishes unless p =0, = 0g,. O

Remark 6.2. In particular, note that the indicator function ¢,(a, b) does not depend on b
but we find it more convenient to leave the argument b within the notation.

The next lemma gives an exact relation between the coset theta function 65 and the
number field theta function 67.

Lemma 6.3. Forx € S andt € R, we have

(6.10)
N(3071) - (08 (a, b at/?/dy/?) — ci(a,b)) = DN ((|e2)5070) - 08 (a, i |e?] - a2 ).

ecy

Proof For y(e) = 1, since € € V, it follows from (4.4 that

(6.11) N([e[P~17) = N(e?).
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To lighten the notation we put £ = xtl/g/di/g. Using (6.11) and ([1.15)) we find that

YN ((|e|2x)%<f°—iq>) 08 (a, by i]e?[€)

ecy
_ %p 1q) Z Z e(a+n))P) - o ile(atn)[2 € 1) et 2mi(b,e(atn))e
GEVnab neR
a+n#0

= N(z:#719) - (02(a.1:1€) — h(a,D)).
This proves the lemma. [J

Proposition 6.4. The completed Zeta function Z\n(a,b,x; 2s) can be obtained as the fol-
lowing one dimensional Mellin transform:

(612) Za(asboxi2s) = [del % - N0 [T (fsle) = fetoe)) £ Res) > 1
where

(6.13) fz(t) = /f 0% (a, b;ixt'9/dY9) - N (;,;%@fiq)) d'x

and

(6.14) fa(o0) = hm f=(t) = &(a,b) - /N (- i)

Here S is the unit sphere in Ry and d*x is the normalized multiplicative Haar measure on
S, see Section[2.3 Note that the map || : V — |V| given by € — |e| is an injection since
Vg = {1}. Moreover |V| <'S acts freely on S and therefore, a fortiori, |V?| acts freely
on S. Here V? is the group of the square of the units of V. Finally, we let F C S be a
fundamental domain for the action of |[V?| on S so that

(6.15) s=Jlel-F.

ecV

Remark 6.5. It follows from Lemma[6.1]that fz(oc) = 0 unless p = 0 and a € n. Moreover,
when p = 04 and a € n it follows that

(6.16) fx(00) = fs+(00) = fz(00).

The first equality in (6.16]) follows from the observation that F~! is again a fundamental
domain for the action of [V?| on S and that d*z is invariant under the involution z + ™!
The second equality follows from the continuity of the complex conjugation. Finally, note

that if (p,q) = (04,0,) and @ € n then using Proposition we find that

(6.17) fe(oo) =e- 2127 Ry
where e = [((OF%)?, nk) + (V?, uk)]. In particular, in this special case we always have
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Proof of Proposition Recall the internal direct sum decomposition of R, (see

Section
(6.18) R, =S&L,

where R, ~ L via the map ¢ — L, 4., £1/9 = (¢1/9, ... t1/9). Tt follows from (6.18) that
each y € R, can be uniquely written in the form

Y

_ 1 _
(619) y—:[,‘-t/g, where ZL’—W

€S and t=N(y) € R,.
Recall that d*z is the unique Haar measure on the multiplicative group S such that the

canonical Haar measure d*y on R, becomes the product measure d*y = d*z x € on SxR,.
It follows from (6.6) that

dic| F - (N0 - Zo(a,b, x5 25) = / (65 (a, bsiy/dy/*)) N(y°)d'y
Ry

= . dt

| @bt i) Nt o)t

(6.20) - / / (9&»(% b: ixtl/g/d,l/g)) N(xg) " ts+*20%
0o Js

N(z%) - 5+ 3. Now

where for the last equality we have used the fact that N((xt'/9)%) =
= 1for e € V, and that

using the fact that d*x is invariant under x — |e?|x, since N(|e])
N(z) =1 for z € S, we find that

= 5 dt
/ / (0% (a, byixt'9/dy/9)) N(2°)d*x ts+2°?
p 2| .41/g 1/9 2,.\2(p—iq) 5+)‘20ﬂ
(6.21) / /E:e (a,b;1|€|xtY/9/dY9) N <(|e| z) >d AR

ey

where F is the fundamental domain for the action of |V?| on S as in (6.15). Now, applying
Lemma to the right hand side of (6.21)) we find

/ / (68 (a, b 2tV/7 /d19)) N (o) d* ﬁ“?

(6.22) / / N (22 P719) . (6 (a, byixt'/9/d/9) — (a, b)) d*xt“?%.
Stacking together (6.20)) and ([6.22]) gives
Z - L (p-i dt

|dK|A70 . (Nn)/\o - Za(a,b,x;28) = / / N(xi(P—lq) . (‘95((1’ b;ixtl/g/d}l/g) _ cﬁ(a,b)) x5t 20 2
0
= xo dt

(6:23) = [ () = etoo
0

where the last equality follows from the definition of fz(¢) and of fz(c0). This proves (/6.12)
O
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Proposition 6.6. The function fz(t) (fort € Ry ) satisfies the following functional equa-
tion

1 ) Tr(p) (»)
(6.24) f‘I (2) — (_ i)Tr(P) . 627rz<a,b>c cdy ¢ - t%"‘Ter . f‘I* (t)’
and moreover

(6.25) faee(t) = (=1)"0 - £ ().

Recall that the index T on the right hand side of the above equality is equal to T =
(n*, (=b,a),(x,V)). Moreover,

(626)  fs(t) = fz(00) + O(e™"") and fs-(t) = fe-(00) + O(e ™) for t — 0,

where o, B > 0 are suitable constants

Proof The proof of (6.25)) follows directly from (5.15)). The proof of (6.26)) is exactly

the same as the one of Proposition 5.8 of [26] so there is no need to reproduce it here. So
it remains to prove (1.11). Using the invariance of d*z under x — x~! we find

f=(1/t) = / Hﬁ(a,b,x;ixt_l/g/di/g) . N(gg%(P—iq))d*m
f

—1 1
2 = P = ) N(p 2D g
(6 7) /}_1 911 (CL, baXa (1$(dnt>1/g)) (..'Z' )d X

Now if we use the functional equation (5.14) won z = iz(d,t)'/9 € H in the right hand side

of (6.27)) we get

-1 1o
oP b y: Nz 2Py g+
/];l n (a/; 7X7 (lx(dnt)l/g>> (1: 2 ) xr
— (—i)P@emiede (g )72 [ N(z 219). N ((x(dnt)l/g)”% ﬂ) 0P (=b, a; i w(dyt)9))d" x

]_‘—1
(») r
= (- i)Tr(p) ] 627ri(a,b)c(dn)—1/2 ) d§+ﬂgp N(x%(cl(p)+iq)) -t%+¥> - 0P.(=b, a; ixtl/g/d}l{g))d*x
].‘—1
(6.28)
Trip) Tr(p)

_ (_ 1)Tr(p) . 627ri<a,b>c . dn g . t%_‘_T : fT* (t)

For the second equality we have used the fact that for x € S, N(z) = 1 and N(aP) =
N(z®), and that da/? = (dy)"1/9 (for the last equality see Lemma [2.12). Stacking
together (6.27) and (6.28]) proves the result. [
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6.3 Proof of Theorem [1.4]

™) . otarting with

34
2 g

3
+3

We are now ready to prove Theorem . Assume that s € II
Proposition [6.4] we find

dt

i - (N Zufaboi2s) = [ (Fel0) — feoe)) -7

= [ st = gatoon - e+ - Gt [T (hste) - frtoa)et G

> _e—20 di > s dt
= [ 0 = fetoe) o H Lok [l = frloo)) ¥ G
> dt
620 = [T et s [T - ooy e B
1 -3
Substituting (6.24)) in the first integral of (6.29)) we get
il ® - (N0 - Z(a,b, 3 25)
. rila, Tr(”) PRV W CO N
— (_ 1)Tr(p) 2 b)e / ff +ot— . 7
> o dt o fe
‘|'/ (fs(t) — fs(oo))t+s T Z( /\())
1 §— 75
(6.30)
) Tr(p) 00 1 v(p
= (i) e g5 [ g t) - (o)) o E LD
1
> s+>‘—0 . @ o fg(OO) _(_\Tx(p) | 2wi{ab)e | TI‘;P) . fT*(OO)
£ Ul feloopurt® G- SRR (0 et S v o)

The two integrals of the last equality converge for all complex number s € C. It follows from
this that [s — Z,(a, b, x; 2s)] admits an analytic continuation to all s € C\{=52, —22 + 1 +

%}. Recall that Ao was defined in (6.2)). In particualr, if p # 0 then fz(co0) = fs- ( ) =
and therefore [s — Zn(a, b, x; 2s)] is analytic on C. When p = 0 note that —)\0+1+2Tr(p) =

—MXo + 1 and therefore the set of possible poles for [s — Zn(a, b, x; s)] agrees with Theorem
. It remains to prove the functional equation ([1.11)).

Recall that (py, ¢¢) = (c1(p), —q). Set

Tr(ei(p) +ig) _ Tr(p+ig)
g g

:A_O'

Ay =

Replacing s by 1 — s and T by T* in (6.30) and using the facts that Tr(p) = Tr(c;(p)) and
that

(6.31) fee(t) = (=1)"® - £(t)
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we find

A

|dK‘TO ’ (N n*))\g ’ Z\n*(_ba a,x; 1 — 28)
(6.32)
X Tr(p) oo K v (p) dt
— (_ i)Tr(p) . eQm(—b,a)c . dn*g . (_l)Tr(p) . (fg(t) . fQ(OO)) . t%_5+70+TT . 7
1
= 16 di «(00 , wi(—ba Tr(p) fx(c0
+/ (oo (8) = fer(00))t2 "7 - — — M — (1) 2T () <—1>“‘p)%-
' 2t s—3+t o

If p # 0 then fg(oco) = fa«(00) = 0 and when p = 0, —A\g = Aj. Taking the last observation
into and comparing (6.30) with (6.32)) with the fact that d,, - d,~ = 1 gives

(6.33)

Tr(p)

(= i) 0D i@t g 7| F (NP Ze (b0, X, 1 — 25) = [dic ¥ - (N0 Zy(a, b, x; 2).

Now using the fact that d, = |dx|(INn)? (and similarly for d,-) we can rewrite (6.33)) as

) T  J2 o -
(6.34) (—1)PW . e2mitable g o 2 Z(=ba, X, 1 — 28) = Zy(a, b, x; 25).
do®
Finally, note that
25
Tr(p) ]2 Tr(p) _ Tr(p—iq) _Tr(p+iq)
(6.35) de® -2 =d,*° % ¥ =1,
dt

which, when used in (6.34]), implies that
(_ I)Tr(l’) . 627T’i<a,b>c . Z\n*<—b’ a/7 X7 25) g Z\n<a7 b’ X7 1 — 23)7

which is in turn equivalent to ([1.11)) and therefore concludes the proof. [

7 Basic properties of lattice zeta functions

7.1 Symmetries of LZ

We record in this section some basic symmetries which are satisfied by lattice zeta functions
(LZ). Consider an admissible triple ¥ = (n, (a,b), (x,V)) as in the introduction so that
V < Vigap. For the definition of Vy,.p see Definition [1.10} In particular x € X}; (see

Definition [3.12)). We shall view x as a character of K /V and therefore drop the argument
V in ¥. Recall that the dual triple to T is defined as T* := (n*, (=b,a),X).

The uncompleted £Z function associated to ¥ is given by

(7.1) Zz(s) = Zn(a,b, x; s).
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its dual LZ is given by
(72) ZT* (3) = Zn*(_bv aaYS S)‘

Note that the map T — %*, on the set of admissible triples, is an automorphism of order
four which reflects the fact that the Fourier transform is an automorphism of order 4 on
the space of Schwartz functions.

It follows directly from Proposition that
Proposition 7.1. (i) Ifa=d (mod n) and b =10 (mod n*), then

(7.3) Zola,b; x; 5) = 2™ T 7 (V5 s 8).

(i1) For all X\ € K\{0}, one has that

(1.4 2o (30, 5%5) =)+ Zala.bixis),

In particular, if we apply the change of parameters T — <T* in the functional equation

(1.11) and use (7.4) with A = —1 we find the relation
Corollary 7.2.

(715)  Za(=a,=bixis) = Zew(s) = x(=1) - Za(s) = x(=1) - Zala,bix: 9).

If we let Q, = (m,n,7,9,t) and w, = (p,q) note that
x(=1) = (_1>Tr(p) — (_1)Tr(([m],ln\))‘
Consider the group of units
(7.6) Vit = (Vs 1),

mab -

Let n = pe € Vni;a’b where € € Vyup and g € {£1}. If we set A = 7 in (7.4]) and use (7.5)
and ([7.3) we find that

(77) Zﬂ(av b7 X5 8) = eQWiTF ((b_671b)a) : X(/'L) : X(E) : Zn<a7 b7 X S)'

In particular, if there exists n € Vfa , such that

(78) eQTriTr ((b—eflb)a) i X(n) 7é 1

then [s — Zy(a,b, x,s)] must be identically equal to 0. We raise the following natural
question:

Question 7.3. If x is an admissible character for the triple (n,a,b) and if for alln = pe €
foa,b (7.8)) is satisfied, do we necessarily have that [s — Z,(a,b, x, )] is not identically
equal to 0 7
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Example 7.4. Let us check this conjecture in a very special case in order to see what is
at play. Let us assume that K is a Galois totally real with degree [K : Q] = g is even, n
is an integral O -ideal such that for all o € Gal(K/Q), n° =n. a=b=0 and m = 1,.
Note that if [K : Q] were odd then automatically [s — Z,(0,0;wy; s)] = 0 since —1 € Vo gp.
Then, under these very restrictive assumptions, we claim that if

s+ Zy(a,b;wm; s) = 0] = Je € O = Voon, such that wy(e) = —1.
K 0, i

Let us prove it. From the Chebotarev’s density theorem, there exists A € n, such that
|N(An~1)| = p is a rational prime (in fact there are infinitely many such pairs (\,p)). From
the uniqueness of the writing of Dirichlet series, the vanishing of [s — Z,(0,0;wm; s)] =0
implies that there exists N € n, such that wp(\)|Ngg(N)| = —wr(X)|Ngo(X)|. Note that
p=Xn"! and p’ = Nn~! are prime ideals of K above p. Since K/Q is Galois, there must
exists 0 € Gal(K/Q) such that \n™" = p = p'@ = X7 (n?)~t = Non~!. Let e = 2. Then

)\/(J‘
wr) _ wr) _ g
wr (V7] (V) '

€ € V000, and wy(e) =

7.2 Regions of holomorphicity and order of vanishing at non-
positive integers of the uncompleted £LZ

As in the previous section we consider an admissible triple T = (n, (a,b), (x,V)) and its
associated (uncompleted) lattice zeta function Zz(s).

Recall that F,(s) was the Euler factor defined in (1.8 of the introduction and that if
wy = (p, q) then F, = F, oy (s) (Proposition where F(, ) (s) was given in (4.6).

Definition 7.5. For x € X}, with w, = (p,q) and s € C we define the quotient Euler factor

(79) )‘X<S) — )‘(p,q)<8) — 7Fx(i) _ F(p7q)(8) _ F(pyq)(s)

Fer),—g)(1 = 5) Fer),—g)(1 = 5)

For the definition of ﬁ(p,q)(s) see (4.8)).

It follows readily from the definition of A, (s) that

(7.10) A1 =5) = (A ()7

Corollary 7.6. Assume that [s — Z,(a,b, x;s)] is not identically equal to 0. It follows at
once from Theorem[1.]] that

Zz(s)  Zu(a,b;x;s)
Zeo(1—5)  Zp(=bya;x;1—s)

s a non-zero meromorphic function such that

(7.11) 5

Zx(s) _ (_\Tx(p) . 2miTrg q(ab)
(7.12) Zelos) (—1) e Ag(1—s).

In particular, it follows from (7.12) that the quotient on the left hand side of (7.12)) is
independent of the choice of n. Moreover, its dependence on the pair (a,b), is only a
dependence given by the root of unity ™ Trx/e(@b)

61



The next proposition gives some analytic properties of the meromorphic functions which
appear in the functional equation ([7.12)).

Proposition 7.7. (i) The meromorphic function s — A, (s) does not vanish on the left
half-plane —11,.

(i1) [s — Zz(s)] is holomorphic on the right half-plane T1;.
(iii) [s — Ax(8) - Zz+(s)] is holomorphic on the left half-plane —Il.

(v) [s — Zz+(s)] is holomorphic on the left half-plane —Il,.

Proof (i) follows the facts that [s — T'(s)] does not vanish on C and that its only poles
(all of order one) are located at s € Z<. (ii) follows from Proposition [L.16] (iii) follows
from (ii) and the functional equation (7.12). Finally (iv) follows from (iii) and (i). O

The next Theorem gives some lower bound for the order of vanishing of the uncompleted
zeta function [s — Zz(s)] at non-positive integers and also an exact relationship between

a higher order derivative Zée‘{)(ﬁ) and the value Zz«(1 — () for ¢ € Z<y. Here ey, soon to be
defined, is the generic order of vanishing of [s — Zz(s)] at s = /.

Theorem 7.8. Recall that wy, = (p,q). For { € Z, let

(1) i (0) =#{1 <k <ri:l+p,—iq € Z<o}

(i) s, (O) =#{r+1<k<ri+ry:20+p+pr —iq —iqe € Z<o},
where k' :=k +ry forry +1 <k <1 +ry. Forl e Z< let
(7.13) e = ery =Ty (0) + 5y (£).

We call e, the generic order of vanishing of [s — Zz(s)] at s = €. Then for { € Z<_1, we
have

(7.14) ord,—y Zz(s) > e
Furthermore, if we assume that

(7.15) ord,_; Zz-(s) > 0,
(i.e. condition (a) of Theorem[1.4] is not fulfilled), then
(7.16) ords—g Zz(s) > eop.

Note that the integral value ¢ = 0 lies precisely on the boundary of the open left half-plane
—Ily. Moreover for { € Z<, one has that

(7.17) G () = ()P R 7 (1)
€y
where Zéee)(ﬁ) corresponds to the e-th derivative of Zz(s) at s =€ and Cy := lirr% A ().
S—

62



Proof Let us first prove (7.14). From (iii) of Proposition [7.7| we know that
(7.18) [s = A (8) - Z=(5)]

is holomorphic on —IIy. Therefore, a pole of order e of [s — A, (s)] at £ € Z<; forces
[s = Zz(s)] to have at least a zero of order e at £. Now recall that I'(s) does not vanish
on II; (in fact in does not vanish on all of C) and that its only poles are of order one and
located at the values s € Z<,. Applying this to the definition of A, (s) with the fact that
that p > 0,4, a direct calculation shows that for ¢ € Z<_,

(7.19) ords—g A\ (s) = —ey,

from which the result follows. Let us now prove ([7.16)). Using the assumption it follows
from ([7.12]) that

(7.20) [s = A(s) - Z=(s)]

is holomorphic at s = 0 and thus the previous reasoning applies as well which proves (|7.16)).
Finally, the proof of (7.17)) follows from the identity

A .
(721 () - (2 = (100 eamitoto . 7.1 — g
for which one lets s — ¢ combined with the relation _ - ZE0 (1) = lim g
: s—

Remark 7.9. When [s — Zz(s)] is not identically equal to 0 we expect generically the
inequality ((7.14) and ([7.16|) to be equalities. However, it is possible to give simple examples
where ords—; Zz(s) > e;. Let us give one such example for K = Q and ¢ = 0. Consider the
triple

(7.22) T = (Z, (%,0> , (X0, {1})>

where xj is the trivial character and a, f € Z-( are to be specified. We have r,,(0) = 1
and s,,(0) = 0 so that e = 1 and therefore

(7.23) ords—g (z(s) > 1.
Using (7.17)), it follows that

1
(7.21) G0) = 36 (D).

In particular it follows from ((7.24)) that ords—¢ (z(s) = 1 <= (s+(1) # 0. We have

_27ia

(7.25) Go(s) =3 C

neL ’ ’S
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It is well known that for any 6 € R\Z (see for example Section 6.5 of [10]) that

627r ik6

(7.26) = —log(1 — &*1?)

k>1

where the branch of log is specified by —m < Im(log z) < 7. Combining ([7.24]), (7.25)) and
(7.26)) we find that

(7.27) CL(0) = —% log 4 Gm(?)) .

In particular, if we choose f =6 and a =1 so that 1 =4 (Sim(%))2 we obtain from (|7.27)
that

(7.28) ords—g (z(s) > 2.

A Signature lattice zeta functions

Let (K, %) be a framed number field of signature (rq, ) with g = ry + 27y where

Yk = {7'1 = P1, T2 1= P25 ey Trg = Prys
Tri+l ‘= 01, Tri42 = 02, o, Tridrg = Oy Tridrg+l = O1y o5 Tri42ry -— Em},
corresponds to a choice of an admissible labelling (see Section . In particular,
(A.1) Ye={n=pi,a=p2 -0, Try = prr}
is the set of real embeddings of K and
(A.2)

I Lyp— Pyp— Pp— / p— — A~ .
Y =T 41 =01, 42 =09, o Trytrg o= Oy} aNd X = Ty (i1 = 01, ooy Try42m = Opy
. _ ’ "
are half sets of complex embeddings of K, so that ¥ = X, | |XL| | XV.

For v € K and 1 <i < g we let 29 := 7;(x). The set of embeddings ¥, U X!, give rise
to an injection

(A.3) L Kp=K®yR—=V:=R" xC"?
TR A= (pr(X)\, .. pr ()N o1 ()N, .o oy (T)N)

for which ¢(Ok) is a lattice of V. We let
(A.4) 6k =6 :=(Z/22)"
and call it the signature group. We also let

(A.5) Vi={veV:forall<i<ry,uv #0}
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and consider the signature map

(A.6) sg:*V - &

where sg(z) =m = (my,...,m,,) € & where for 1 <i <r, m; =0 if 29 > 0 and 7, =1
if ) < 0. Note that K* is a subset of *V via ¢. Using the sg-map, for each m € G,
it makes sense to introduce the “orthant” of signature m = (my,...,m,,) € & which we
define as

(A.7) Vie i ={x € "V : sg(x) = m}.

In this manner the space *V is decomposed into 2™ disjoint orthants.

Remark A.1. The group & is the additive version of the signature group S that was
introduced in . In the setting of “GLo-lattice Eisenstein series”, it is convenient to
introduce what we call the “complex signature group” Gx = & := Z™ for which one has
a projection map 7 : & — &. In fact for each m € & which lifts a signature m € &
one can construct a “signature lattice Eisenstein series” for which its O-Fourier coefficients
interpolates the signature lattice zeta function of weight ws. For more on this circle of
ideas see [4].

Let

~

(A.8) S := Hom(&,C*) = Hom(&, {£1})
be the group of characters of & and label them as wy;, for m € &, where

(A.9) w K — {£1}

I
TR\ H(sign(:c(i))\))[mi]

i=1
where [m;] = 0 if m; = 0 and [m;] = 1 if m; = 1. We call an element of & a sign character
of K.

We wish now to state Theorem [I.4] and Theorem [7.§]in the special case when x = ws
is a sign character of K. If we let w,,_ = (p,q) be the w-weight (see Definition then
note that ¢ = 0, and p = ([m]; 0g,,). Let

where n C K is a lattice, a,b € K and V < V4 with VN ug = {1}. See Definition m
for the meaning of Vy., 5. We define the “Euler factor at oo” associated to the uncompleted
Zn(a, b; wi; s) as

-2 r 2 - s+ [m;
Fale) = b2 ¥ 2 r - T (™),

where I'(x) stands for the usual gamma function evaluated at x. Recall here that [m;] =
0€Zifm; =0, and [m;] =1 € Z if m; = 1. Note that the Euler factor at infinity does
not depend on the lattice n.
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Tr([m])

Remark A.2. Note that Fr(s) = ﬁ(m)(s) =72 -Fqe(s). For the definitions of
Fpq(s) and Fy,_(s) see Section

We may now state the main theorem that was proved in [2] and which can be viewed
as a special case of Theorem [I.4]

Theorem A.3. Let

~

(A'11> Zn(aa b, wm; 5) = FW(S) : Zn(CL, b; W S)

~

be the completed zeta function of Zy(a,b;wm; s). Firstly, Z,(a,b,wm; s) admits an analytic
continuation to C\{0,1} and has at most a pole of order one at s € {0,1}. Secondly,
Zn(a,b,wm; s) satisfies the following functional equation:

(A.12) ()DL =271 Trso(@d) L 7 (0 b, winy ) = Zye(—b, @, wis, 1 — 5).
Thirdly, the function s — Z\H(a, b, wm; §) admits

(a) a pole of order one at s = 1, if and only if, m; = 0 for all i and —b € n*.

(b) a pole of order one at s =0, if and only if, m; =0 for all i and a € n,

The next Theorem gives some lower bound for the order of vanishing of the uncompleted
zeta function [s — Z,(a,b;wm; s)|] at non-positive integers and also an exact relationship

between a higher order derivative Zﬁef)(a,b; wir; £) and the value Zy«(—b,a;wm; 1 — £) at
l e Zeo.

Theorem A.4. Define

(a) r% = #{1 <j<r :m; =0}

(b) rh=#{1<j<r :my; =1}

Note that r& +ri =ry. For { € Z< let

Y if £=0 (mod 2)
(A13) e = { rlif £=1 (mod 2)
and note that for any ¢ € Z<
Fa(s)
(A14> Ol“ds:g m = —€y.

We call e, the generic order of vanishing of [s — Zy(a,b;wm; s)]. Then for £ € Z<_1, we
have

(A.15) ords—y Zy(a, by wm; s) > ey.
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Furthermore, if we assume that
ordg—q Zu+ (=, a; wm; s) > 0,
(i.e. condition (a) of Theorem[A.d is nots fulfilled), then
ords—o Zu(a, b;wim; s) > eo.

Note that the integral value ¢ = 0 lies precisely on the boundary of the left half-plane —Ilj.
Finally one has that

(A.16) == Z) (a, by wis £) = (—1) 0 . 271 Tws0(ab) L 7 (b as w1 — 0),

where Z,Se")(a,b; wim; £) corresponds to the ep-th derivative of [s — Zy(a,b;wm; s)] at s = £
Frr(s)

and Cy = lim s* i)

s—L

Proof This is a special case of Theorem which follows rather directly from the
functional equation

Fr(s)

R (i

- Znla, by wi; 8) = (= 1)) L 2miTrieo(ab) 7 (b a; w1 — ).

B Spherical polynomials

Let @ = (¢;;) € Sym,,(R) be a symmetric matrix with det(Q)) # 0 (i.e. @ is non-degenerate).
In particular, @ is not necessarily positive definite. We let © = (z1,...,x,) € R" be the
usual coordinate chart of R". Let V := ToR™ = >"""  RJ,, be the tangent space of R" at
the origin 0 € V. We endow V' with the pseudo-metric (, )¢ defined by

(B.1) (Or;:0n,)q = Gij-

Let Q7' = (¢"”) and set

(B.2) Nog=> 40,0,
ij

When @ > 0 (positive definite) then A is the usual Laplace-Beltrami operator, acting on
functions of R", for the metric (,)q.

Definition B.1. A complezx coefficient polynomial f € Clxy,...,xz,] is said to be Q-
spherical if Aqf = 0. We denote the vector space of QQ-spherical polynomials with complex
coefficients by H(Q).

Let f € Clay,...,z,) and f = >, f; be its decomposition into homogeneous poly-
nomials. Since Ag is a homogeneous differential operator of degree 2 it follows that f is
()-spherical if and only if each f; is (Q-spherical so that one has the direct sum decomposition

(B.3) H(Q) =P H.(Q)
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where H,(Q) is the vector space of degree m homogeneous polynomials which are Q-
spherical.

Let SO(Q) := {g € GL,(R) : ¢'Qg = I,}. Since Ag is SO(Q)-invariant it follows that
SO(Q) acts on the homogeneous factors Hy(Q).
Remark B.2. Since () is symmetric it can be diagonalized and since the square root of a
diagonal matrix exists over C this means that we can always find a matrix L € M, (C) such
that @ = (L") L. Tt therefore follows that, up to the invertible complex linear transformation

L, one can identify the space H(Q) with H(I,). When Q = I,,, Ag = —(>_,02) is the
usual (positive definite) Laplacian one has (see for example Corollary 1.5 of [14])

(B.4) dimg Hyn(I,) = (” m - 1) _ (” = 3),

n—1 n—1

and therefore, for any non-degenerate () € Sym, (Q)) we also have that dim¢ H,,(Q) =
(nerfl) _ <n+m73)
n—1 n—1

Example B.3.

(1) Let V =R and x € R be the standard coordinate. For Q =1 one has Ag = —0? and
H(Q) =R+ Rz where 0, = 2.

01
one has Ag = —(02 4 82) = —40.0z where 8, = 3(0, —18,). In that case one has
Ho(Q) = Czr + Cz".

Definition B.4. For x € C" (viewed as a column vector) we let
Qla] == 2'Qa

We say that £ € C" is Q-isotropic if Q[¢] = 0.

Proposition B.5. Let £ € R" be Q-isotropic and set

(B.5) Py () := (Z {m)

Then Pep(x) € Hi(Q). Moreover, the vector C-vector space Wy, generated by the set
{Pe () : € is Q-isotropic} is all of Hy(Q).

Proof The fact that Ag(Px(z)) = 0 is a straight forward calculation. For the second
part, in light of Remark [B.2], we can without loss of generality assume that ) = I,,. The fact
that Wy, = H(I,,) follows from the well-known irreducibility of Hy(1,,) as an SO(n)-module.
This irreducibility result can be viewed as a consequence of the Peter-Weyl theorem applied
to the Gelfand pair (SO(n+ 1),SO(n)), see for example p. 35-38 of [14]. The irreducibility
can also be proved more directly using character theory, see for example Proposition 5.10
in Chapter IT of [1] where it is proved for the special case n =3. [

(2) Let V.= C where z = x +1iy € C is the usual complex chart. For () = ( Lo )

It is possible to generalize the above discussion to the class of pluriharmonic polynomials.
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Definition B.6. (Definition 7.2 of [25]) Let X = (Xi;)i; € C™™ be a matriz variable. A
polynomial P(X) is called pluri-harmonic if

9%
(B.6) Y =0, 1<i,j<n.
hﬂ,a zka

In particular if we set n = 1 in Definition and let © = (X7, ..., X,,) we recover as a
special case the notion of @)-spherical polynomials of Definition with- Q = I,,; so that
Qlz] = Y7, a7 corresponds to the standard positive definite quadratic form of rank m.
Finally, let us point out that one can construct theta functions weighted by pluriharmonic
polynomials. For a concise and very explicit account on this topic we refer to p. 229-234
of [25].

C Relationship between 6”(a, w; z) and the classical Rie-
mann theta function

In this appendix we wish to provide some explicit relation between the number field theta
function 6% (a,w;z) considered in Section (for p = 0 and L C R a lattice) and the
classical Riemann theta function which definition we recall below.

_ Let us fix some positive integer g > 1. Let W := C¥ and coo : W — W be the standard
C-linear involution given by w = (wg)r — (Wg)r. We endow W with its standard real
structure (see Definition which comes from ¢4, so that W =RY9 and W~ =iWT =
iRY.

Recall that the Siegel upper half-space of degree g is defined as

(C.1) 9, ={Z=X+iY e M,(C): Z"' = Z,Y > 0}.

Following Mumford’s convention in [25] we consider elements on C? = W as column vectors
and we put arrows on these vectors. For z € CY and 2 € §, recall that the classical
Riemann theta function of genus g is defined as

(C.2) O(z,Q) == Z Q2T i

nez9

In particular, note that [(Z,Q) — ©(2,€)] is holomorphic. It satisfies the transformation
formulae

(i) periodicity in Z9: O(Z+1,Q) = O(Z,Q) for all i € Z9
(ii) quasi-periodicity in QZ9: O(Z + Qi, Q) = e ™17 XA2ITZ (7 Q) for all 7T € Z9.

Moreover, for a fixed €2 € $, and up to a non-zero scalar, one can show that there exists
a unique entire function on CY which satisfies (i) and (ii) (see p. 121-122 of [25]). For
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E

] (,9Q) == ema‘tg-aJrzmat.(erE) LO(2,Q) = Z 67ri(ﬁ—l—&)tﬂ'(ﬁ—i-ﬁ')-f—?ﬂi(ﬁ-i-ﬁ)t'(f-&-g)_

SN QL

a, b € RY recall that the Riemann theta function of genus g and real characteristics [

defined as

SRl

(C3) O [

nez9

a
The functions {Z — L;} (7, Q)} are also quasi-periodic with respect to the lattice

(C.4) Lo =79+ Q7 < W.

See the bottom of p. 123 for explicit formulas. In particular, note that the defining

a

summation of © {E} (z,9) is over the real part of the lattice Lo < W namely over

,C;)_ = ,CQHW+:ZQ.

Consider now a framed number field K of signature (rq,r2) with r; 4+ 2ry = g (see
Section [2). In particular ¥ = Hom(K,C) comes with an admissible labelling. We view
C = Cy as a C-vector space with the real structure coming from the C-linear involution
cs. In particular R := CT and iR = C~. Let L C R be a lattice.

For the sequel we wish to explain how the theta functions with real characteristics are
related to the theta functions 67 introduced in Section when p = 04. Recall that

(C.5) fi:R—RI=W"

was the R-vector isomorphism defined in (2.22)) where the target RY is identified with W,
the real part of W. We let

(C.6) g =f" R - R

be the reciprocal map to f;. We choose to extend the map f; to a map f on C in the
following way:

(C.7) f:C—oCI=W
r+iyefi(x) +ifi(y)

In this way f is a C-linear isomorphism of C-vector spaces with real structures. In particular,
we have f(C*) = W and f(C~) = W~. Let us denote by

(C.8) gi=f1:C'=W—=C
the reciprocal map of f.

Each of the spaces C and C? admit a natural structure of C-algebra. In fact, recall that
we have a C-algebra isomorphism

(C.9) w:C =W =CY

given by ([2.6). However note that ¢ # f. In fact the map f fails to be an isomorphism of
C-algebras in two ways
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(i) f(1c)=(1,...,1:0,...,0) # Ly (if rp > 1),
—— ——

r1 + T2 times ro times

(ii) and in general f fails to preserve the multiplication.

However, the following remarkable identity is satisfied (a kind of “partial multiplication
preservation”): for all x € R and all z € C such that ¢;(z) = 2z (see Section [2f for the
definition of ¢;) one may check that

(C.10) f(x-2) =1f(z) - ¥(2).

Let L C R be a lattice of rank g (so of maximal rank) and let B = (¢4,...,¢,) be a
Z-ordered basis of L. To the ordered basis B we associate the matrix

.
(C.11) P="Ps:= |10 i t,(0,)
I

where fi(¢)) is viewed as a column vector in R = W*. Since L has rank ¢ it follows that
P € GLy(R). In particular,

(C.12) PZ¢ = t,(L).

We think here of Z9 as the standard normalized lattice of W+ = R9. Consider the block
matrix

(C.13) J="Jo = (0 [ ‘ O”I; ) € GL,(R).

For all x,y € R a direct calculation shows that

(C.14) (@, y)e = (i)' - T - fi(2) = {f1(2), f2(y))e,

where the right-most inner product (_, ). is the canonical metric of type (ry,r2) on RY (see
Definition . We now extend the canonical euclidean inner product (, ). on W+ =R9 to
all of W in the natural way: for z,w € C, we declare

(C.15) (f(2), f(w))e := (z,w)e,

which is equivalent to

(C.16) (f(2), f(w))e = (f(w)) - J - £(2).

In this way, the map f : C — W becomes an isomorphism of hermitian vector spaces with
real structures which extends the euclidean vector space isomorphism f; : R — W+ = R9.
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Recall that H =R, +i1R C §? and therefore
(C.17) HCC :={2eC:c¢(2) =z}
Let A : h9 = $H, be the diagonal embedding and set

(C.18) d:=Alg:H— 9,

Now for r e H, 7 € C9 = W 5,5 € RY = W* we make the following change of

variables:

(C.19) Z:=P'zZ, B:=P'%, A:=Pa, Q. :=P ()P,
(C.20) ¢ :=gi(Pr) so that £ € L, a = g;(Pa) so that a € R.
and

(C.21) w:=g(J 'Z) € C, b:=g(J ') eR.

Putting everything together we find that

Al 2 5y wi(fi+a)t- Pt (J70) P-(fi+d)+2m i(7i+a)t- Pt (24+5)
e lE] (Z,7°) = Z e

neLI

. . . t' — %
= E €7T1<f1 (€+a)) d)(T)’fl (Z+a)>c+2ﬂ— l(fl (Z—i—a)) (Z+b) ( since Jrd =49 J, (f1(£+a) - w(r))t = (f1(L+ a))t’Td and )

lel
. . t
_ E /‘ 67r1<f(£+a)'7'),f1 (l+a))c+2mi(f(4+a)) -J-f(w+b) ( by and £, (24 a) = KET ) )
Lel
i{fl -7),fl 27 i(f fi c
_ E e i{f((l+a)-1),f(l+a)) c+2m i(f(w+b),f(¢+a)) ( since (€4 a) = £, (£ + ) and )
lel
_ e7ri<(€+a)~7),€+a>c+27ri<w+b,€+a>c
= E (by )
lel
= 92(&7 w _|_ b, 7—), ( by definition of 92, see )

where p = 0,. In this way we obtain an explicit relationship between the classical Riemann’s
theta function and the number field theta function 67 (a,w + b; 7) when p = 0.
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